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Topological phases of matter in (2+1) dimensions are commonly equipped with global symmetries,
such as electric-magnetic duality in gauge theories and bilayer symmetry in fractional quantum Hall
states. Gauging these symmetries into local dynamical ones is one way of obtaining exotic phases
from conventional systems. We study this using the bulk-boundary correspondence and applying the
orbifold construction to the (1+1) dimensional edge described by a conformal field theory (CFT).
Our procedure puts twisted boundary conditions into the partition function, and predicts the fusion,
spin and braiding behavior of anyonic excitations after gauging. We demonstrate this for the electric-
magnetic self-dual ZN gauge theory, the twofold symmetric SU(3)1, and the S3-symmetric SO(8)1
Wess-Zumino-Witten theories.
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I. INTRODUCTION
Topological phases of matter are those phases which
defy the characterization in terms of spontaneous sym-
metry breaking, and hence cannot be described by the
conventional Landau-Ginzburg theories. More precisely,
it would be convenient to divide topological phases into
two categories: (1) short-range entangled symmetry-
protected topological phases (SPT phase)1–4, and (2)
long-range entangled topologically ordered phases5–7
Among others, one of the defining properties of phases
with non-trivial topological order is the ground state de-
generacy which depends on the topology of spatial man-
ifolds. This is the consequence of anyonic excitations
(quasiparticles) supported by the system. On the other
hands, the ground state of SPT phases is unique on any
spatial manifold.
In both kinds of topological phases, symmetries may
play an important role. In SPT phases such as
those in Ref. 8–14, their very existence relies essen-
tially on symmetries. Without symmetries, SPT phases
may not be distinguishable from trivial phases. For
topologically ordered phases, they can be enriched by
the presence of symmetries.15–18 For example, different
topological liquids can be distinguished by symmetry
fractionalization.19–21 For topologically ordered phases,
we can distinguish two kinds of symmetries: (i) sym-
metries that can be realized locally and microscopically,
and (ii) those which can be realized at the level of low-
energy (long-wave length), effective descriptions in terms
of emergent anyonic excitations. The latter symmetry
are often called anyonic symmetry.19,20,22–25
In the presence of symmetries, it is interesting and
important to discuss defects (more precisely, symmetry
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2twist defects).19–21,23–32 These defects are point-like ob-
jects in (2+1)-dimensions. When excitations are (ad-
abatically) transported around a symmetry twist defect
and go back to their original locations, their anyon labels
are rotated by the symmetry. Defects may play an im-
portant role in the context of symmetry-breaking phases,
e.g., pairing vortices in superconductors that associate
with the U(1) charge conservation symmetry breaking.
Similarly, defects also play an important role in topolog-
ical phases of matter.
In the context of SPT phases, the properties of sym-
metry twist defects can be used to diagnose properties of
SPT phases.14,33 More precisely, by gauging symmetry,
i.e., by coupling the system to a dynamical gauge field,
and promoting twist defects to dynamical anyonic exci-
tations referred to as symmetry fluxes, the properties of
symmetry twist defects – the braiding statistics obeyed
by the dynamical symmetry fluxes – can be used to diag-
nose and classify the properties of the original, ungagued
SPT phases.14,34,35
In the above procedure, gauging non-topologically or-
dered phases (SPT phases) results in topologically or-
dered phases. On the other hands, one can gauge topo-
logically ordered phases with global symmetry. This
procedure results in a new topologically ordered phases,
which tend to have more complicated topological or-
der than the original topological phase.19,24 For exam-
ple, systems with abelian topological order, once gauged,
can lead to a new topologically ordered phase with non-
abelian topological order. Such topological phases are
called twist topological liquids in Ref. 24.
The bulk topological phase can be understood by
studying the edge theory.36 The bulk-boundary corre-
spondence26,37–39 states that the topological properties
of gapped (2+1)-dimensional topological phases can be
extracted from their gapless edge theories, which can be
described using (1+1)-dimensional conformal field theo-
ries (CFT). In particular, superselection sectors of bulk
quasiparticles are in one-to-one correspondence with pri-
mary fields in the edge CFT, and topological anyon prop-
erties such as the bulk fusion rule, exchange statistics,
and monodromy braiding process, etc., all have corre-
sponding descriptions in terms of the edge CFT such as
operator product expansions, conformal spin, and mod-
ular S-transformations respectively.40
Similarly, the bulk gauged topological liquid has a nat-
ural description in terms of its edge theories, which is
an orbifold CFTs.41,42 For a topological phase equipped
with a global symmetry, gauging symmetry in the bulk
is equivalent to orbifolding symmetry in the CFT along
the boundary. In the context of (2+1)-dimensional SPT
phases, orbifold CFTs have been used to diagnose SPT
phases.34,35 In this paper, we will discuss twist liquids
from the boundary point of view. To gauge an (anyonic)
symmetry in the bulk topological ordered phase, we start
from the edge CFT C that corresponds to the globally
G-symmetric topological state, and apply an orbifold op-
eration, to obtain a new edge CFT C/G that corresponds
to the gauge symmetric twist liquid.
Topological phase with
global symmetry
gauging - Twist liquid.
bulk-boundary
correspondence
(1 + 1)d CFT C
6
?
orbifolding
- orbifold CFT C/G
6
?
(1.1)
This gives us a complementary view to the bulk descrip-
tion. Throughout this article, we focus on bosonic topo-
logical phases, whose local quasiparticles are all bosons.
We speculate that a similar procedure may be carried
out for fermionic phases by first promoting them into
a bosonic ones through gauging the Z2 fermion parity
symmetry. Certain concrete examples have been demon-
strated in Ref. 43.
The structure of this paper is as follows. In Sec. II, we
first briefly review abelian topological phases and any-
onic symmetries. Then we discuss the bulk-boundary
correspondence and consider the general setup of orb-
ifold CFTs. In Sec. III, we study the orbifold CFT af-
ter gauging symmetries in SPT phases. In particular,
we consider examples with Z2 symmetry and Z3 symme-
try, and distinguish the resulting orbifolds between trivial
and non-trivial parent SPTs. In Sec. IV, we study the
orbifold CFT after gauging anyonic symmetry in topo-
logical phases. We consider several examples explicitly
and calculate their modular S and T matrices. They
include gauging the Z2 electric-magnetic symmetry in
the D(ZN ) quantum double, the Z2 bilayer (outer auto-
morphism) symmetry of the SU(3) Wess-Zumino-Witten
(WZW) theory at level 1, and the S3 triality symmetry of
SO(8) at level 1. We summarize and conclude in Sec. V.
II. GENERALITIES
Let us start by reviewing our ungauged theories (topo-
logically ordered phases before gauging), which are
abelian topological phases in (2+1)d. In general, abelian
topological phases in (2+1)d can be understood pictori-
ally as phases in which loop-like objects (Wilson loops or
string-nets) are condensed. The deformation of Wilson
loops does not cost any energy. Of particular importance
are Wilson loops which wrap around non-contractible
cycles of the spatial manifold – they generate/measure
the topological ground state degeneracy. The quasi-
particle excitations (anyons) can be considered as the
end of open strings (Wilson lines), and hence the types
of quasi-particles depend on the types of strings. If a
quasi-particle is dragged around another quasi-particle,
the Wilson strings attached to them may intersect with
each other. This intersection gives rise to a phase fac-
tor, which is the braiding phase between the two quasi-
particles.
3In a formal terms, the abelian topological phase can
be described by a multi-component Chern-Simons theory
(the K-matrix Chern-Simons theory), which is defined by
the following Lagrangian (density):
LCS = 
µνλ
4pi
αTµ K ∂ναλ + α
T
µ
~jµ, (2.1)
where K is an N ×N symmetric matrix with integer en-
tries, αT = (α1, α2, . . . , αN ) is the internal U(1)N gauge
field coupled to the quasiparticle current ~jµ.
For this topological phase, by using a gauge invariance
argument6,7, we can write down the effective edge theory,
L = 1
4pi
∂tΦ
T (x)K∂xΦ(x) + . . . (2.2)
where Φ is a N -component bosonic field. The quasi-
particle excitaton on the boundary can be created by the
vertex operator eia·Φ.
Similar to the boundary, the bulk quasi-particle excita-
tions ψa are labeled by the N component vector a living
on the anyon integral lattice Γ∗ = ZN . They satisfy the
Abelian fusion rule ψa × ψb = ψa+b. All the topologi-
cal information of the quasi-particle are characterized by
the K-matrix. The self and mutual braiding statistics for
the quasi-particle are described by the T and S matrices.
For the K-matrix theory (2.1), they are given by Tab =
Taaδab = epiiaTK−1a, and Sab = e2piiaTK−1b/D. Here, D
is the total quantum dimension, D = √|det K|.26
On the anyon lattice, the states on the sublattice
Γ = KZN are local particles. They have trivial braiding
statistics with all the other quasi-particles. Two quasi-
particles that are differed by a local particle are topolog-
ically equivalent, as they have the same braiding statis-
tics. By only considering those quasi-particles living on
the quotient lattice A = Γ∗/Γ = ZN/KZN , we can re-
move this redundancy.
A. anyonic symmetries
When there is a unimodular (integral entries, unit de-
terminant) matrix W that leaves the K-matrix invariant,
WKWT = K, we say W is a symmetry operator for the
topological phase.23,25 These symmetry operators form
the group of automorphisms,
Aut(K) = {W ∈ GL(N ;Z)|WKWT = K}. (2.3)
Aut(K) is also the symmetry group of the anyon lat-
tice and leaves the modular S and T matrices invariant.
On the other hand, when a → Wa = a + KZN for all
a, W does not change the quasi-particle class and only
rearranges the local particle. Such symmetry operators
are trivial and form a normal subgroup called the inner
automorphisms
Inner(K) = {W0 ∈ Aut(K)|W0a = a + KZN}. (2.4)
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FIG. 1. Wen’s plaquette lattice model with a dislocation in
it.
To enumerate non-trivial symmetry operators, we need to
remove these trivial symmetry operators by quotienting
and obtain the outer automorphisms
Outer(K) =
Aut(K)
Inner(K)
. (2.5)
The symmetry operations in Outer(K) permute the
quasi-particles on the anyon lattice. We call such sym-
metry the anyonic symmetry.23
A good example is provided by the Kitaev toric code
model, which can be described by the effective field the-
ory, the abelian Chern-Simons theory (2.1) with K =
2σx. In the toric code model, the fundamental excitations
are Z2 charge e and flux m, which are bosons and obey
mutual semionic statistics. e andm can combine together
to form a fermionic composite quasi-particle ψ = e×m.
The S and T matrices are
S = 1
2
1 1 1 11 1 −1 −11 −1 1 −1
1 −1 −1 1
 ,
T = diag(1, 1, 1,−1). (2.6)
The toric code model has a global duality symmetry
which is an anyonic symmetry exchanging e and m quasi-
particles, e ↔ m, and leaves the S and T matrices in-
variant. This symmetry can be understood better by
using Wen’s plaquette lattice model with a bi-colored
structure.44 As shown in Fig. 1, this lattice model has
spin 1/2 degrees of freedom defined on the vertex of each
plaquette, and the physics for this model is equivalent
to the toric code model. On this bi-colored lattice, the
excitations e and m live on plaquettes with opposite col-
ors. The duality symmetry is implemented as swapping
the colors of plaquettes globally. This corresponds to ex-
change the labels of charge e and flux m, while leaving ψ
unchanged. Since the color of each plaquette is well de-
fined, the duality symmetry is said to be weakly broken
(according to Ref. 26) similar to the symmetry breaking
phases.
4B. twist defects
For a given aynonic symmetry g, one can introduce
twist defects, which are extrinsic classical defects in
topological phases23,25–32. When an abelian anyon a is
dragged around a twist defect associated with an anyonic
symmetry g, it will be rotated to ga.
Twist defects are non-abelian objects and their fusion
and braiding statistics can be systematically described by
the defect fusion category19,24,25,27,32. In this paper, for
the most part, we will focus on a parent abelian topolog-
ical phase described by Eq. (2.1) equipped with anyonic
symmetry group G.
When an abelian anyon a is dragged around a twist
defect associated with an anyonic symmetry g, it will be
rotated to ga. Those anyons which are invariant under
g and satisfy a = ga, may be attached (fused) with the
bare twist defect without an observable change. Other
anyons with a 6= ga, fuse with the bare twist defect and
form a composite which carries a species label and lives
in the quotient lattice A/(1−G)A where A is the original
anyon lattice.23,25
Once again, a good example is provided by the toric
code model. Twist defects in the toric code model are
dislocations.26,29,45,46 There are two kinds of species la-
bels and twist defects are denoted as σ0 and σ1. The
fusion rules between them and the abelian anyon are
σλ × ψ = σλ, σλ × e = σλ ×m = σλ+1 (2.7)
where λ = 0, 1 (mod 2) denotes the defect species. The
fusion rules between twist defects are
σ0 × σ0 = σ1 × σ1 = 1 + ψ, σ0 × σ1 = e+m (2.8)
C. gauging anyonic symmetries
An anyonic symmetry can be promoted to a lo-
cal (gauge) symmetry; we can gauge an abelian
topologically-ordered phase by an anyonic symmetry G
to generate a new topologically ordered phase.19,24 This
can be achieved by proliferating twist defects and is
analogous to 2 + 1-dimensional melting transitions of
ordered phases that restore broken symmetries by the
vortex/defect proliferation. Once the phase transition
happens, the parent Abelian phase will be turned into a
quantum mechanically more entangled topological phase
with an increased topological entanglement entropy47,48
−S0 = logD0 → −S = logD = −S0 + |G|, (2.9)
and the twist defect will become an intrinsic (non-
abelian) quasi-particle excitation.
Before we discuss the twist liquid in detail, we will
first briefly review quantum double models / discrete
gauge theories, which are topological phases that arise
from gauging a global symmetry in a trivial boson
condensate.49–55 For a finite discrete gauge group G, the
anyon excitations are flux-charge composites labeled by
the pair χ = ([M ], ρ). The flux component M is charac-
terized by its conjugacy class in the gauge group G,
[M ] = {M ′ ∈ G : M ′ = NMN−1for some N ∈ G}
(2.10)
The charge component is an irreducible representation ρ
of the centralizer of M
ZM = {N ∈ G : NM = MN}. (2.11)
For the pure charge excitation with [M ] = [1], ρ is the
irreducible representation of the whole group since ZM =
G.
The quasi-particle structure in the twist liquid is a gen-
eralization of the quantum double model and the quasi-
particle excitations have three components: flux, super-
sector and charge, which can be labeled by the 3-tuple
χ = ([M ],λ, ρ).24 Here [M ] is still the conjugacy class for
the gauged G-symmetry. λ is a super-sector of species la-
bels drawn from the quotient group AM = A/(1−M)A.
The anyonic symmetry (defined by the conjugacy class
[M ]) can permute elements living on the quotient lattice
AM and therefore force them to combine together and
form into super-sector
λ = λ1 + . . .+ λl, λi ∈ AM (2.12)
where the set of species labels in λ are permuted by the
elements in the centralizer, i.e., λj = Nλi for some N ∈
ZM .
The last element in the 3-tuple is characterized by the
irreducible representation of the restricted centralizer of
M, which satisfies
ZλM = {N ∈ ZM : Nλ1 = λ1} (2.13)
This means that ZλM is the subgroup in the centralizer
ZM that fixes a particular choice of speices λ1 in λ. Here
we arbitrarily choose λ1 for convenience.
If the anyonic symmetry is abelian, the quasi-particle
structure in the twist liquid is much simpler. This is be-
cause the conjugacy class is each element in the group
G and the centralizer for arbitray [M ] is the whole
group. For instance, in the toric code model with four
quasi-particle excitations I, e,m, ψ, there is an electric-
magnetic duality symmetry which exchanges e↔ m and
keeps 1 and ψ invariant. This is a Z2 anyonic symme-
try with G = {1, σ}. For [1] (zero flux sector), after
gauging anyonic symmetry, the allowed species labels are
λ = I, e+m,ψ, where e andm change to each other under
σ and need to combine into e+m. The charge component
is determined by the restricted centralizer group and is
equal to
ZI[1] = Z2, Z
e+m
[1] = 0, Z
ψ
[1] = Z2 (2.14)
Notice that Ze+m[1] = 0 is trivial here and consists only
identity element. In the [σ] flux sector, there are only
5two species labels {0, 1}, where we denote 0 for I or ψ
and 1 for e or m. The charge component satisfies
Z0[σ] = Z2, Z
1
[σ] = Z2 (2.15)
In total, there are nine excitations
1 = ([1], 1, ρ+), z = ([1], 1, ρ−)
E = ([1], e+m, ρ0)
ψ = ([σ], 1, ρ+), ψ¯ = ([σ], 1, ρ−)
σ = ([σ], 1, ρ+), σ
′ = ([σ], 1, ρ−)
σ¯ = ([σ], e, ρ+), σ¯
′ = ([σ], e, ρ−) (2.16)
We can divide them into three types of excitations: (1) 1,
z; (2) E and (3) ψ, ψ¯, σ, σ′, σ¯, σ¯′. Type (1) has zero flux
and can be understood as anyon a in A coupled with
gauge charge. a needs to be invariant under anyonic
symmetry and the composite particle is an abelian ex-
citation in the twist liquid. Type (2) still has zero gauge
flux but is a non-abelian excitation. This is because the
super-sector is formed by multiple λi, i.e., λ =
∑
i λi.
They need to group in this way so that λ is invariant un-
der anyonic symmetry. Type (3) is the most interesting
excitation. It has non-trivial gauge flux and corresponds
to the non-abelian twist defect before gauging. They
can carry species labels and couple with gauge charge to
form a composite excitation. These three types of exci-
tations are general in the twist liquid with abelian group
G. Later on, we will use bulk-boundary correspondence
and explicitly show how to construct these three types of
characters in the orbifold CFT.
Finally, the gauging procedure can be also understood
as the reverse of the condensation of bosons,
Topological phase
with global anyonic
symmetry
Gauging−−−−−−−−−−−⇀↽ −
Condensation
Twist liquid
(2.17)
This is referred to as anyon condensation in the
literature.22,56 After condensation, the twist liquid is
turned into the parent abelian phase with global sym-
metry.
D. edge theories
For (2+1)d topological phases, physics at their bound-
ary (edge) is described by corresponding (1 + 1)d con-
formal field theories (CFTs).26,36,38,39 In this paper, we
will make use of this bulk-boundary correspondence to
study topological order before and after gauging anyonic
symmetry.41,42,57 In particular, topological order which
results by gauging a parent phase can be studied by us-
ing orbifold CFTs (see below).
The bulk-boundary correspondence asserts that there
is a one-to-one correspondence between quasi-particle ex-
citations (anyons) in the bulk and primary fields living on
the boundary. One way to understand this is to note that
bulk quasi-particle excitations are emergent collective ob-
jects, and hence, unlike fundamental particles (electrons),
bear certain kinds of non-locality. In particular, exciting
a quasi-particle will create a string/branch cut emanat-
ing from it, which may create a twist on the boundary
condition. In the language of the edge CFT, this twist is
generated by the primary field.
The lowest energy state (heighest weight state in the
Virasoro algebra) in the presence of this twist corre-
sponds to a quasi-particle state in the bulk. Furthermore,
for the tower of states built on the lowest energy state
one can define a character χ(τ). More precisely, let us
consider a (2 + 1)d topological phase defined on the disk,
which supports, as its boundary, a circle S1. Including
the (imaginary) time direction, which is also a circle S1,
the edge CFT lives on a spacetime torus S1 × S1. Using
the Hamiltonian H0 and the momentum P0 of the CFT,
the character is then defined by
χj(τ) = TrOj
[
e2piiτ1P0−2piτ2H0
]
(2.18)
where Oj denotes a primary field (state) and the trace
is taken over all states built on the primary state; τ =
τ1 + iτ2 is the modular parameter of the torus, which
parameterizes distinct conformally flat torii. Here τ1 is
the spatial period, and τ2 is the temporal period.
Different modular parameters, when related to each
other by modular transformations PSL(2,Z) represent
an equivalent torus. In other words, the modular trans-
formations are large coordinate or large diffeomorphism
transformations, which leave a torus invariant but may
change the modular parameter τ . The modular trans-
formations are generated by the so called Dehn twists
T : τ → τ + 1 and S which flips τ1 and τ2: τ → −1/τ .
The modular transformations act covariantly on the char-
acters as well. Under the T and S modular transforma-
tion, χj(τ) transforms as:
χj(τ + 1) = e
2pii(hj− c24 )χj(τ) = Tjjχj(τ),
χj(−1/τ) =
∑
j′
Sjj′χj′(τ), (2.19)
where T is taken as a diagonal matrix and describes the
conformal dimension h for the corresponding primary
field Oj of each character, whereas c = cR − cL is the
chiral central charge for the total system.
The T and S matrices defined here for the charac-
ters are closely related to the T and S transformations
of the degenerate ground state Hilbert space when the
(2 + 1)d topological bulk is put on a torus.5–7 The bulk
and boundary T differ only by a phase factor 2pic/24;
in the following calculations for the boundary theory, we
will neglect this overall phase. As for the S matrix, the
bulk S matrix is the same as the edge S matrix. Thus,
the boundary T and S encodes the same topological in-
formation as their bulk counterparts. For example, the
fusion rule for bulk-quasiparticles (and for boundary pri-
mary fields) can be read off from S by using the Verlinde
6formula,58
Nxyz =
∑
w
SxwSywS
∗
zw
S1w
, (2.20)
where Nxyz is the fusion matrices that characterize fusion
rules x× y = ∑z Nzxyz.
E. symmetry operator and orbifold CFT
By the bulk-boundary correspondence, there is a de-
scription of gauged twist topological liquid in terms of
edge CFTs. As discussed before, (unparied) twist defects
in the bulk will leave a twist on the boundary. Once the
symmetry G is gauged in the bulk, this corresponds to
promotion of twist defects as dynamical quantum exci-
tations. This means, in the edge CFT, that we need to
consider all possible twisted spatial boundary conditions.
Moreover, after gauging the symmetry G, the Hilbert
space of the edge CFT is restricted to the G-invariant
subspace, which can be realized by applying the projec-
tion operator Pˆ on the Hilbert space. In short, boundary
CFTs corresponding to bulk gauged twist topological liq-
uid are orbifold CFTs by symmetry G.
Here we will briefly review the construction of orbifold
CFTs. For details, see Ref. 40–42, and 57. Consider a
rational CFT C with a discrete symmetry group G. An
orbifold CFT C/G is constructed by moding out the group
G and the Hilbert space is projected on to the G invariant
subspace. The projection operator
P =
1
|G|
∑
g∈G
g (2.21)
is inserted in the trace in Eq. (2.18). In the spacetime
(path-integral) picture, the operator g in the projector
can be interpreted as twisting the boundary condition in
the time direction. In addition to the projector (2.21),
we will also need to consider a more generic form of the
projectors P = 1|G|
∑
g∈G ε(g)g, which projects on the
different sectors of the Hilbert space, where ε(g) is a g-
dependent phase factor.
Under the S transformation, the twist in the time di-
rection will become a twist in the spatial direction. We
therefore need to included twisted characters in the pres-
ence of a spatial twist boundary condition by h ∈ G.
For each twisted character, we consider, as before, the
projection operator Pn =
1
|G|
∑
g∈G εn(h, g)g. The char-
acter under this projection is a combination of parti-
tion functions with twisted boundary conditions.59 For
instance, if G is an abelian ZN symmetry, Pn is simply
written as Pn =
∑N−1
k=0 ω
−nkgk/N where ω = e−2pii/N
and g is the generator of ZN . The character is χhn =∑N−1
k ω
−nkZ(h, gk)/N .
All together, we need to consider the set of partition
functions Z(g, h) in the presence of twisted boundary
condition by g (h) in the temporal (spatial) direction.
In general, these partition functions transform under the
S and T transformation, as
Z(g, h)
S−→ Z(h, g),
Z(g, h)
T−→ Z(gh, h). (2.22)
up to some phases. Note that when G is a non-abelian
group, we require that for Z(g, h), g and h must commute
with each other.
Combining these Z(g, h) together, we construct the
characters for the orbifold CFT as
χhn =
1
|Zh|
∑
g∈Zh
n(g, h)Z(h, g), (2.23)
where Zh is the centralizer subgroup of h containing all
g that commutes with h. The characters are the parti-
tion functions in the h-twisted Hilbert space under the
projection operator P . Using Eq. (2.22), we can show
that the characters of the orbifold CFT form a complete
basis under the modular transformations. Moreover, the
chiral central charge of the orbifold CFT is the same as
the original CFT since the overall phase under T trans-
formation does not change.
The above framework is the general structure of orb-
ifold CFT. Eq.(2.23) can be directly applied to the edge
theory of a topological phase after gauging global sym-
metry in SPT phase, where various twists are introduced
on the boundary CFT. Furthermore, we can generalize
this method to the more complicated orbifold CFT af-
ter gauging anyonic symmetry G in topological phase.
Before we investigate them, we first discuss the general
construction of the edge theory for abelian topological
phase in the next section.
F. Abelian topological phases and edge theories
The effective edge theory of an abelian topological
phase can be described by the N -component bosonic field
theory:
L = 1
4pi
(
∂t~Φ
T (x)K∂x~Φ(x)− ∂x~ΦT (x)V∂x~Φ(x)
)
,
(2.24)
where the bosonic field ~Φ(x) is a compact variable
~Φ(x) ≡ ~Φ(x) + 2pi~n, (2.25)
and V is a symmetric and positive definite matrix that
accounts for the interaction on the edge. Unlike the K-
matrix, the information encoded in V is non-universal.
Below we will canonically quantize this theory and
write down all the characters explicitly. Here we fol-
low the method used in Ref. 60. For each component of
the bosonic field ~Φ, the canonical commutation relation
is given by
[φI(x), ∂xφ
J(x′)] = 2pii(K−1)IJδ(x− x′) (2.26)
7The K-matrix can be diagonalized and written as K =
UT ηU , where η is a signature matrix with ±1 in its di-
agonal entries. We can define a new multi-component
boson operator ~ϕ(x) = U~Φ(x) so that Eq. (2.24) takes
the form
L = 1
4pi
(
∂t~ϕ
T (x)η~ϕ(x)− ∂x~ϕT (x)∂x~ϕ(x)
)
, (2.27)
where we assume (U−1)TVU−1 = I for simplicity. The
new boson operator ~ϕ(x) satisfies
~ϕ(x) ≡ ~ϕ(x) + 2piU~n (2.28)
Each component satisfies the commutation relation:
[ϕI(x), ∂xϕ
J(x′)] = 2piiηIJδ(x− x′) (2.29)
The mode expansion for ~ϕ(x) is given by
ϕI(t, x) = ϕI0 − (t− ηIIx)pI
+ i
∑
n 6=0
bIne
−in(t−ηIIx), (2.30)
where [ϕI0, p
I ] = iδIJ and [bIn, b
J
m] =
1
mδ
IJδn+m. The
Hamiltonian and the total momentum are
H0 =
1
4pi
∫ 2pi
0
dx ∂x~ϕ
T (x)∂x~ϕ(x)
=
1
2
~pT ~p− 1
24
tr (ηη) +
∞∑
n=1
n2~bT−n~bn,
P0 =
1
4pi
∫ 2pi
0
dx ∂x~ϕ
T (x)η∂x~ϕ(x)
=
1
2
~pT η~p− 1
24
tr(η) +
∞∑
n=1
n2~bT−nη~bn (2.31)
where Tr(η)gives the chiral central charge. Since ~p is the
momentum conjugate to the zero modes ~ϕ0, the com-
pactification condition of ~ϕ(x) leads to the quantization
condition for ~p: ~p = (U−1)T ~m where mI ∈ Z. Notice
that ~m can be written as ~m = K~Λ + ~λ, where ~Λ and ~λ
are integer valued vectors. Here, ~λ lives in the unit cell
of the anyon lattice Γ∗ and characterizes different twist
boundary conditions for ~ϕ(t, x). On the other hand, for
~λT = 0, ~p = ηU ~m, this corresponds to the untwisted
boundary condition. Physically, ~λ’s represent different
bulk excitations in the (2+1)d topological phase; When
there is a quasi-particle excitation in the bulk, the edge
theory is subject to the corresponding twist boundary
condition.
The partition functions of the edge theory on the
spacetime torus under the twist boundary conditions
form the characters. In total, there are |det(K)| char-
acters. The partition function for each character [λ] is
given by
χλ(τ) = Trλ
[
e2piiτ1P0e−2piτ2H0
]
(2.32)
where τ = τ1 + iτ2. Under the T transformation,
χλ(τ + 1) = e
2pii~λTK−1~λ/2χλ(τ). (2.33)
where we neglect the overall phase −2pic/24. Under the
S transformation,
χλ(−1/τ) =
∑
λ′
1√|det(K)|e−2pii~λTK−1~λ′χλ′(τ). (2.34)
When η = IN×N , i.e., the bosonic theory is chiral, the
character takes the following form:
χλ(q) =
1
η(τ)N
∑
~Λ
q
1
2 (K
~Λ+~λ)TK−1(K~Λ+~λ) (2.35)
where q = ei2piτ and η(τ) is the Dedekind eta function
η(τ) = q
1
24
∞∏
n=1
(1− qn). (2.36)
When N = 1, the K-matrix is just an integer K. This
is the U(1)K/2 theory. Here we only consider when K is
even number. The character takes the form
χλ(τ) =
1
η(τ)
∑
n
q
K
2 (n+
λ
K )
2
=
1
η(τ)
Θλ,K(q)
where 0 ≤ λ < K. Under the T transformation
Θλ,K(τ + 1) = e
2pii λ
2
2K Θλ,K(τ). (2.37)
On the other hand, under the S transformation
Θλ,K(−1/τ) =
√
−iτ
K
∑
n
Θλ′,K(τ)e
−2piiλ′λK . (2.38)
III. SPT PHASES
To warm up, we shall first consider several simple ex-
amples of symmetry-protected topological phases (SPT)
in (2 + 1) dimensions.1–4 (Recall that SPT phases are
short-range entangled states and do not have topologi-
cal order.) On the boundary, there are gapless degrees
of freedom protected by the symmetry G. The exam-
ples we consider are SPT phase protected by global ZK
symmetry.13,14,61 We will calculate the edge partition
function with ZK orbifold. This part of calculation actu-
ally has been done in our previous paper and the detail
can be found there (Ref. 35). We briefly review this cal-
culation here for two reasons. First, later in Sec. III A
and III B, we will analyze K = 2 and K = 3 in detail.
Second, this is a simple case of orbifold CFT. All the
other orbifold CFTs related with gauging the anyonic
symmetry discussed later in this paper are based on the
same method.
Here we study the edge CFT which can be described
by the Luttinger liquid in Eq. (2.24) with det(K) = 1
8and protected by a discrete symmetry G. After gauging
the symmetry G, the SPT phase will be promoted to a
topological phase and on the boundary, the effective edge
theory becomes an orbifold CFT. By studying the char-
acters for this orbifold CFT and calculating the modular
T and S matrices, we can extract topological information
of the gauged topological phase in the bulk.
The gapless edge state for a non-trivial SPT phase
cannot be gapped out without breaking symmetry and
multiple copies of SPT are required to gap out the edge
without breaking the symmetry. It is argued that the
CFT after orbifolding symmetry G is anomalous. The
partition function for this orbifold CFT is not invari-
ant under modular transformation and therefore cannot
be realized as an isolated (1 + 1)-dimensional system.
At least two copies of orbifold CFT are needed to con-
struct the modular invariant partition function and this
construction can be understood through the boson con-
densation mechanism.22 On the other hand, for a trivial
SPT, the edge gapless state can be gapped out by adding
an interaction term without breaking symmetry G. The
edge orbifold CFT after gauging is anomaly-free and the
partition function is modular invariant.
The edge of the ZK SPT phase can be described by
the two-component K-matrix theory with K = σx. This
edge theory is protected by G = ZK symmetry, which
acts on the boson fields as
φ1 → φ1 + 2pik/K, φ2 → φ2 + 2pikq/K (3.1)
where k = 0, 1, 2, ...,K − 1 represents an element inside
the symmetry group and q = 0, 1, 2, ...,K − 1 is fixed by
SPT phase.
As shown in Eq. (2.27), we can diagonalize the K-
matrix by introducing ~ϕ = (ϕ1, ϕ2)T as(
ϕ1
ϕ2
)
=
√
1
2
(
1 1
1 −1
)(
φ1
φ2
)
. (3.2)
The new bosonic fields obey the compactification condi-
tion:
ϕ1(t, x) ≡ ϕ1(t, x) + 2pi√
2
(n1 + n2),
ϕ2(t, x) ≡ ϕ2(t, x) + 2pi√
2
(n1 − n2), (3.3)
with p1 = 1√
2
(n1 + n2) and p
2 = 1√
2
(n1 − n2).
Once ZK symmetry is gauged, ϕ2 will be subjected to
twisted boundary conditions in spatial and time direc-
tions. This twist will be reflected in the partition func-
tion. There are K2 sectors of partition function Zk,l,
where k, l = 0, 1, 2, . . . ,K−1 represent the boundary con-
ditions in spatial and time directions. The twist bound-
ary condition for ϕ1 field in the spatial direction will lead
to the modified quantization condition for p1 and p2,
p1 =
1√
2
(n1 +
k
K
+ n2 +
kq
K
),
p2 =
1√
2
(n1 +
k
K
− n2 − kq
K
). (3.4)
The twist boundary condition in the time direction can
be implemented by inserting an operator in the Hilbert
space. In our case, the desired operator is
Lˆ(l, k) = exp
[
2pii
K
(lQ1 + qlQ2)
]
= exp
[
2piil
K
(
n2 + qn1 +
2kq
K
)]
(3.5)
where k, l = 0, 1, 2, ...,K − 1 and
Q1 =
1√
2
(p1 − p2), Q2 = 1√
2
(p1 + p2) (3.6)
Q1,2 satisfies [φ
1
0, Q1] = i and [φ
2
0, Q2] = i and can gen-
erate the translation of φ1,2 in the time direction,
The partition function for each sector can be calculated
by the method in Sec.II F. It takes this form
Zk,l(τ) = Trk
[
Lˆ(l, k)e2piiPτ1−2piτ2H
]
=
1
|η(τ)|2
∑
n1,n2
exp
[
2piil
K
(
n2 + qn1 +
2kq
K
)]
× exp
{
−piτ2
[(
n1 +
k
K
)2
+
(
n2 +
qk
K
)2]
+2piiτ1
(
n1 +
k
K
)(
n2 +
qk
K
)}
. (3.7)
Under modular S and T transformations, the partition
functions are transformed as
Zk,l(τ + 1) = e−
2piiqk2
K2 Zk,k+l(τ),
Zk,l(−1/τ) = e 4piiqklK2 Zl,−k(τ). (3.8)
In the next two subsections, we construct the charac-
ters for the orbifold CFTs with Z2 and Z3 symmetries
explicitly. We will also construct the modular invariant
partition function with two copies of orbifoldd CFT by
following the boson condensation mechanism.
A. Z2 symmetry
There are two inequivalent short-range entangled
phases protected by Z2 symmetry. They are classified
by H3[Z2, U(1)] = Z2 whose cohomological elements are
labeled by q = 0, 1. It was shown in the Ref. 14, after
gauging Z2 symmetry, there are two inequivalent abelian
topological phases with different K matrices. One is the
toric code model with K = 2σx, and the other is the dou-
ble semion model with K = 2σz. These two models have
the same number of abelian anyons and the same fusion
rules. However, they have different K matrices and hence
different S and T matrices. In these two models, there
are four quasi-particle excitation, including vacuum 1,
bosonic Z2 charge, Z2 flux and the flux-charge composite
quasi-particle. The Z2 flux is bosonic in the toric code
9model, but has conformal spin h = −1/4 in the double
semion model. Furthermore, the flux-charge composite
quasi-particle is fermionic in the toric code, which has
conformal spin h = 1/4 in the double semion model.
We will have a look at these gauged theories from the
point of view of edge theories. Using the partition func-
tions calculated in Eq.(3.7), we can construct the charac-
ters for the orbifold CFT. The characters are constructed
by applying the Z2 projection operator on the Hilbert
space, which groups different partition function sectors
together as,
χ1 =
1
2
(
Z0,0 + Z0,1
)
,
χ2 =
1
2
(
Z0,0 − Z0,1) ,
χ3 =
1
2
(
Z1,0 + Z1,1
)
,
χ4 =
1
2
(
Z1,0 − Z1,1) . (3.9)
When q = 0, the S and T matrices are the same as
those for the toric code model. In the toric code model,
there are four fundamental excitations, the vacuum sec-
tor I, the Z2 charge e, the Z2 flux m and the flux-charge
composite particle ψ = e × m. Here we can identify
χ1 = χI, χ2 = χe, χ3 = χm and χ4 = χψ, I.e., the un-
twisted sectors correspond to charge excitations, while
the twisted sectors to flux excitations. This can be con-
firmed by calculating the T - and S-matrices. The total
partition function Z = Z0,0 +Z0,1 +Z1,0 +Z1,1 is mod-
ular invariant and this implies that the SPT phase (with
q = 0) before gauging is trivial.
On the other hand, if q = 1, the orbifold CFT corre-
sponds to the edge of double semion model. The double
semion model has four quasi-particle excitations I, s¯, s, s¯,
where I is the vacuum sector, ss¯ is the Z2 boson, s¯ is the
Z2 flux and s is the flux-charge composite particle. The
characters are
χI = χ1 =
|Θ0,2|2
|η(τ)|2 ,
χss¯ = χ2 =
|Θ1,2|2
|η(τ)|2 ,
χs¯ = χ3 =
Θ0,2Θ1,2
|η(τ)|2 ,
χs = χ4 =
Θ1,2Θ0,2
|η(τ)|2 , (3.10)
where Θλ,K is defined in Eq.(2.37) and η is defined in
Eq.(2.36). Since Θλ,K/η is the character for the chiral
U(1)K/2 CFT, the above expressions are the characters
for the U(1)1 × U(1)1 CFT which is the edge theory of
the double semion model.62
The total partition function for the edge of the double
semion model is constructed by taking the linear combi-
nation of Zk,l with k, l = 0, 1. By using Eq.(3.8), one can
readily check that Z =
∑
k,l ε(k, l)Z
k,l cannot be modu-
lar invariant, where ε(k, l) is an arbitrary phase.35 This
leads us to conclude that the SPT phase before gauging
is non-trivial, and its gapless edge state is protected by
Z2 symmetry. We need at least two copies of the SPT
phases to gap out the edge without breaking the symme-
try. After gauging Z2 symmetry, the two copies of the
non-trivial SPT model become two copies of the double
semion model. The edge theory partition function can
be constructed and checked that it can be made modular
invariant.
Alternatively, this can be understood through the bo-
son condensation mechanism in the two copies of the dou-
ble semion model as follows. This model has 16 quasi-
particle excitations, where the quasi-particle s1s¯1s2s¯2
is a boson. The condensation of this boson identifies
ψ = s1s2 ≡ s¯1s¯2, e = s1s¯1 ≡ s2s¯2 and m = s¯1s2 ≡ s1s¯2.
All the other excitations which have a non-trivial braid-
ing phase with s1s¯1s2s¯2 are confined. This topological
phase after condensation has four quasi-particle excita-
tions and their braiding statistics is equivalent to that of
the toric code model. The edge theory characters can be
constructed from the original characters as,
χ˜I = χIχI + χss¯χss¯,
χ˜e = χss¯χI + χss¯χI ,
χ˜m = χs¯χs + χsχs¯,
χ˜ψ = χsχs + χs¯χs¯. (3.11)
It is easy to confirm that these four characters have the
same S and T matrices as the toric code model, and
also the total partition function Z = (Z0,0)2 + (Z0,1)2 +
(Z1,0)2 − (Z1,1)2 is invariant under the modular trans-
formation.
B. Z3 symmetry
There are three inequivalent SPT phases with Z3 sym-
metry which are classified by H3[Z3, U(1)] = Z3 whose
cohomological elements are labeled by q = 0, 1 and 3.
After gauging Z3 symmetry, there are three inequiva-
lent abelian topological phases with different K matri-
ces. Here we will gauge the Z3 symmetry for both the
non-trivial SPT phase and the trivial SPT phase.
1. gauging non-trivial Z3 SPT
Similar to the edge of the non-trivial Z2 SPT phase,
the non-trivial Z3 SPT phase can also be described by
a Luttinger liquid with K = σx. This edge CFT is pro-
tected by Z3 symmetry, which is
φ1 → φ1 + 2pik/3, φ2 → φ2 + 2pikq/3 (3.12)
where k, q = 0, 1, 2.
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a. q = 1 Here we first consider q = 1 and the parti-
tion function is
Zk,l = |η(τ)|−2
∑
n,m
exp
{
2piil
K
(m+ n+
2k
K
)
−piτ2
[
(n+
k
K
)2 + (m+
k
K
)2
]
+2piiτ1(n+
k
K
)(m+
k
K
)
}
(3.13)
where k, l = 0, 1, 2. k and l label the twist in the spa-
tial and time directions, respectively. These partition
functions can be used to construct the characters for the
orbifold CFT, which is the effective edge state of topo-
logical phase after gauging. These characters are listed
in the Table (I), where z represents the Z3 charge and
z¯ is its anti-particle. ρ0 is the Z3 flux, ρ1 = ρ0 × z and
ρ2 = ρ0 × z¯ are the flux-charge composite particles. ρ¯j
is the anti-particle of ρj (j = 0, 1, 2). By checking the S
and T matrices for the orbifold CFT, we find that this
actually is the effective edge theory of an abelian topo-
logical phase with the K-matrix
K =
(
4 5
5 4
)
. (3.14)
All the quasi-particle excitations can be written as αe1,
where e1 = (1, 0) is the fundamental anyon lattice vec-
tor for the above K-matrix. The anyon lattice has fu-
sion group Z9 where three gauge fluxes fuse into a charge
conjugate z¯ rather than the vacuum. This is different
from fusion rule in the ordinary D(Z3) quantum double
model, which has fusion group Z3 × Z3 and is the topo-
logical phase after gauging the trivial Z3 SPT phase.49–55
For the non-trivial Z3 SPT phase, the edge partition
function after orbifolding is Z =
∑
k,l ε(k, l)Z
k,l where
k, l = 0, 1, 2 and ε(k, l) is an arbitray phase. For this
partition function, according to Eq.(3.8), under T trans-
formation, there is a different phase for Zk,l with different
k and Z cannot be modular invariant. Therefore the SPT
phase before gauging is non-trivial.
b. q = 2 For Eq. (3.12), when q = 2, the SPT phase
is also non-trivial. We can use similar method to con-
struct the characters for the Z3 orbifold CFT. By calcu-
lating the modular S and T matrices on the boundary,
we can show that the topological phase in the bulk has
the K-matrix equal to (conjugate to q = 1 case)
K =
(
−4 5
5 −4
)
(3.15)
c. q = 0 When q = 0, the SPT phase is trivial and
the partition function for the Z3 orbifold CFT is modu-
lar invariant. The S and T matrices for the Z3 orbifold
CFT indicate that the topological phase after gauging is
D(Z3) quantum double model with K = 3σx. From the
above discussion, we show that q = 0, 1, 2 correspond to
three different SPT phases and the gauged topological
character χ lχ hχ
χI = Z
0,0 + Z0,1 + Z0,2 0 0
χz = Z
0,0 + ω2Z0,1 + ωZ0,2 6e1 0
χz¯ = Z
0,0 + ωZ0,1 + ω2Z0,2 3e1 0
χρ0 = Z
1,0 + e−
4pii
9 Z1,1 + e−
8pii
9 Z1,2 7e1 1/9
χρ1 = Z
1,0 + ω2e−
4pii
9 Z1,1 + ωe−
8pii
9 Z1,2 4e1 4/9
χρ2 = Z
1,0 + ωe−
4pii
9 Z1,1 + ω2e−
8pii
9 Z1,2 e1 7/9
χρ¯0 = Z
2,0 + ωe−
2pii
9 Z2,1 + ω2e−
4pii
9 Z2,2 2e1 1/9
χρ¯1 = Z
2,0 + ω2e−
2pii
9 Z2,1 + ωe−
4pii
9 Z2,2 5e1 4/9
χρ¯2 = Z
2,0 + e−
2pii
9 Z2,1 + e−
4pii
9 Z2,2 8e1 7/9
TABLE I. The characters for orbifolding the Z3 symmetry in
the Z3 non-trivial SPT phase with q = 1. lχ is the correspond-
ing anyon lattice vector with e1 = (1, 0), h is the conformal
dimension (mod Z), and ω = e2pii/3.
phase correspond to three different abelian topological
phases with different K-matrices. This result is consis-
tent with the result from group cohomology classification
that H3(Z3, U(1)) = Z3.
The collection of the three distinct topological phases
has a Z3 tensor product structure. It can be under-
stood through boson condensation.22,56 Assume we put
together two copies of topological phase with K-matrix
defined in Eq.(3.14) by tensor product, the composite
excitation is therefore denoted as α1iα
2
j , where α is the
excitation in each layer. After condensing the mutually
local boson pairs z1z2 and z¯1z¯2, since z1, z¯2 and z¯1z2
are differed from each other by the boson z1z2 or z¯1z¯2,
the pure boson z1 is identified with z¯2 and z¯1z2. Simi-
larly, we also have z¯1 ∼ z2 ∼ z1z¯2. The Z3 flux can pair
together to form the excitation in the condensed phase
and the complete result is listed in Table.(II). The new
topological phase actually is the other gauged non-trivial
Z3 SPT (q = 2) with the K-matrix in Eq. (3.15). There
are in total nine deconfined excitation and all the other
excitations having non-zero braiding phase with z1z2 or
z¯1z¯2 are confined.
We can add another layer with the K-matrix defined
in Eq. (3.14) to the double-layer system and further con-
dense the boson z1z3 and z¯1z¯3, the final topological phase
has K = 3σx which is the topological phase after gauging
the trivial Z3 SPT phase.
The above boson condensation in the bulk topologi-
cal phase can also be understood by looking at the edge
CFT. The condensation process is the reversed process
of orbifolding and we can use the characters listed in Ta-
ble (I) to form the new characters for the K-matrix in
Eq. (3.15) and 3σx. Since a similar calculation has al-
ready been done in Sec. III A, we will not construct the
characters explicitly here.
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deconfined excitation lattice vector h
I ∼ z1z2 ∼ z¯1z¯2 I = 0 0
z1 ∼ z¯2 ∼ z¯1z2 z = 3e1 0
z¯1 ∼ z2 ∼ z1z¯2 z¯ = 6e1 0
ρ10ρ¯
2
0 ∼ ρ21ρ¯22 ∼ ρ12ρ¯21 ρ0 = e1 2/9
ρ12ρ¯
2
2 ∼ ρ20ρ¯21 ∼ ρ11ρ¯20 ρ1 = 4e1 5/9
ρ11ρ¯
2
1 ∼ ρ22ρ¯20 ∼ ρ10ρ¯22 ρ2 = 7e1 8/9
ρ¯10ρ
2
0 ∼ ρ¯21ρ22 ∼ ρ¯12ρ21 ρ¯0 = 8e1 2/9
ρ¯12ρ
2
2 ∼ ρ¯20ρ21 ∼ ρ¯11ρ20 ρ¯1 = 5e1 5/9
ρ¯11ρ
2
1 ∼ ρ¯22ρ20 ∼ ρ¯10ρ22 ρ¯2 = 2e1 8/9
TABLE II. The first column is the deconfined excitation ta-
ble after boson condensation, the second column is the cor-
responding anyon lattice vector in the topological phase with
the K-matrix in Eq.(3.15) and h is the conformal dimension
(mod Z).
2. gauging trivial Z3 SPT
In this subsection, we discuss another Z3 SPT phase.
We will show that this SPT phase is trivial by studying
the edge Z3 orbifold CFT. This model is described by the
following K-matrix:
K = k

0 0 0 −1
0 0 1 0
0 1 0 0
−1 0 0 0
 (3.16)
This model is discussed in Ref. 32 and 63 and can be
realized as an exactly solvable spin (rotor) model on the
honeycomb lattice. It has k4 abelian anyon excitations
and can be labeled by a = (a•,a◦). Each component
a•/◦ lives on a two dimensional triangular Zk lattice and
has threefold rotation symmetry. In total, the anyon ex-
citation has S3 = Z3nZ2, where the extra Z2 symmetry
is coming from the twofold interchange • ↔ ◦ symme-
try. Here we consider a trivial example with k = 1, so
that it does not have topological order and can only be
a SPT phase. We will gauge the Z3 symmetry operator
and study the orbifold CFT on the boundary. The Z3
symmetry operator is defined to be
Λ3 =

0 −1 0 0
1 −1 0 0
0 0 0 −1
0 0 1 −1
 (3.17)
which satifies Λ33 = I and ΛT3 KΛ3 = K. The eigenvalues
of Λ3 are ω = e
2pii/3 and ω2.
Similar to the method used in the last section, we
can define the new bosonic field ~ϕ to diagonalize the
K-matrix. Under Z3 symmetry operation, ϕ1 + iϕ2 →
ωn(ϕ1+iϕ2) and ϕ3+iϕ4 → ωn(ϕ3+iϕ4), where n = 1, 2.
By considering twist boundary conditions in spatial and
time direction, we will get different sectors of partition
function Zµν , where µ and ν represent the twist bound-
ary condition in time and space direction respectively.
µ, ν = 0, 13 ,
2
3 . The partition function for each twist sec-
tor equals to40
Zµ,ν =
∣∣∣∣∣ η(τ)θαβ (τ)
∣∣∣∣∣
2
(3.18)
where α = 12 − µ and β = 12 + ν. The θαβ (τ) function is
defined as
θαβ (τ) = θ
[
α
β
]
(τ, 0) =
∑
n∈Z
q
1
2 (n+α)
2
e2pii(n+α)β
= η(τ)e2piiαβq
α2
2 − 124
×
∞∏
n=1
(1 + qn+α−
1
2 e2piiβ)(1 + qn−α−
1
2 e−2piiβ).
(3.19)
Under the S and T transformations, it transforms as
θαβ (τ + 1) = e
−piiα(α−1)θαα+β− 12 (τ),
θαβ (−1/τ) =
√−iτe2piiαβθβ−α(τ). (3.20)
Thus we can get the modular transformation for the
partition function. Since µ ∈ [0, 1) and ν ∈ [0, 1), we
have
Zµ,ν(τ + 1) = Zµ,[ν−µ](τ),
Zµ,ν(−1/τ) = Z [1−ν],µ(τ), (3.21)
where [ν − µ] is (ν − µ) modulo 1 and [1 − ν] is (1 − ν)
modulo 1.
According to the definition of character in Eq. (2.23),
we group the partition functions into characters and list
the result in the following align,
χI =
1
3
(Z0 + Z
0, 13 + Z0,
2
3 ),
χz =
1
3
(Z0 + ω
−1Z0,
1
3 + ωZ0,
2
3 ),
χz¯ =
1
3
(Z0 + ωZ
0, 13 + ω−1Z0,
2
3 ),
χρ0 =
1
3
(Z
2
3 ,0 + Z
2
3 ,
1
3 + Z
2
3 ,
2
3 ),
χρ1 =
1
3
(Z
2
3 ,0 + ω−1Z
2
3 ,
1
3 + ω Z
2
3 ,
2
3 ),
χρ2 =
1
3
(Z
2
3 ,0 + ωZ
2
3 ,
1
3 + ω−1Z
2
3 ,
2
3 ),
χρ¯0 =
1
3
(Z
1
3 ,0 + Z
1
3 ,
1
3 + Z
1
3 ,
2
3 ),
χρ¯1 =
1
3
(Z
1
3 ,0 + ωZ
1
3 ,
1
3 + ω−1Z
1
3 ,
2
3 ),
χρ¯2 =
1
3
(Z
1
3 ,0 + ω−1Z
1
3 ,
1
3 + ωZ
1
3 ,
2
3 ), (3.22)
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where z is the Z3 boson and z¯ is its anti-particle. ρ0 is
the Z3 flux and ρ1 = ρ0 × z and ρ2 = ρ0 × z¯ are the
flux-particle composite particles. ρ¯j are the anti-particle
of ρj with j = 0, 1, 2.
By further checking the S and T matrices, we notice
that that are the same as that for the D(Z3) quantum
double model with K = 3. The correspondence between
Z3 orbifold CFT and the edge CFT for D(Z3) quantum
double model is shown in Table III. The conformal di-
mensions h for these characters are also listed in this
table.
Orbifolding Z3 D(Z3) h
χI (0, 0) 0
χz (0, 1) 0
χz¯ (0, 2) 0
χρ0 (1, 0) 0
χρ1 (1, 1) 1/3
χρ2 (1, 2) 2/3
χρ0 (2, 0) 0
χρ1 (2, 2) 1/3
χρ2 (2, 1) 2/3
TABLE III. The characters after gauging Z3 symmetry and
the corresponding anyon lattice vector for D(Z3) quantum
double model. h is the conformal dimension (mod Z).
Actually, the K-matrix defined in Eq.(3.16) with Λ3
symmetry is a trivial SPT phase. It is similar to the
trivial SPT phase with q = 0 defined in the previous
section. The total partition function Ztot =
∑
µν Z
µν =
χI + χρ0 + χρ0 is modular invariant.
The gapless edge CFT of this trivial phase can be
gapped out be by a potential term. The potential term
we choose takes this form,
W = − cos(~lT1 ~Φ)− cos(~lT2 ~Φ)− cos(~lT3 ~Φ) (3.23)
where ~lT1 = (1, 1, 1, 1),
~lT2 = (−1, 0,−1, 0) and ~lT3 =
(0,−1, 0,−1). Since Λ3~l1 = ~l2, Λ3~l2 = ~l3 and Λ3~l3 = ~l1,
the potential W is invariant under Λ3 symmetry. More-
over,
[~lTi ∂x~Φ(x),
~lTj ~Φ(y)] = 2pii(
~lTi K
−1~lj)δ(x− y) = 0. (3.24)
cos(~lT1
~Φ), cos(~lT2
~Φ) and cos(~lT3
~Φ) can be simultaneously
gapped without breaking the symmetry.
IV. TOPOLOGICALLY ORDERED PHASES
In this section, we discuss gauging symmetries in topo-
logically ordered phases, from the point of view of bound-
ary (conformal) field theories. We will consider three
different abelian topological order described by the K-
matrix abelian Chern-Simons theories, (4.1) (the D(ZN )
quantum double model), (4.21) (SU(3)1), and (4.27)
(SO(8)1). By subsequently taking their orbifold theories
along the system boundary, we will obtain the topologi-
cal content of the (2 + 1)d non-abelian twist liquid after
gauging their symmetries.
A. Orbifolding Z2 symmetry in the D(ZN ) quantum
double model
The D(ZN ) quantum double model describes an
abelian topological order realized in the deconfined phase
of the 2 + 1-dimensional ZN gauge theory. Equivalently,
this topological order can also be described by the abelian
Chern-Simons theory in Eq. (2.1) with K = Nσx,
K =
(
0 N
N 0
)
. (4.1)
There are two fundamental quasi-particle excitations in
this model: e-particle corresponding to the quasiparticle
lattice vector eT = (1, 0), and m-particle corresponding
to mT = (0, 1). All the quasi-particles can be written as a
linear combination of e- and m-particles, ae+ bm, where
0 ≤ a < N and 0 ≤ b < N . e- and m-particles are self-
bosons, and obey non-trivial mutual braiding statistics
with the e2pii/N braiding phase
The D(ZN ) quantum double model has a global e-m
duality which exchanges e- and m-particles. This dual-
ity symmetry is an anyonic symmetry and leaves S and
T matrices invariant. By gauging, the Z2 global duality
symmetry can be promoted to a local symmetry.19 The
Z2 charge c is a boson and satisfies c × c = 1. The Z2
invariant state ψr = e
rmr will split into two states ψr± ,
which differ by a Z2 charge, ψr− = c×ψr+ . On the other
hand, the Z2 non-invariant states eamb will be able to
rotate into each other under the ZN symmetry, and will
therefore be needed to be grouped together to form a Z2
invariant superselection sector denoted by with quantum
dimension 2. The Z2 flux σ is a non-abelian quasi-particle
and can carry N different species labels. This is because
σλ+a = σλ × ea = σλ ×ma, for a = 0, 1, . . . , N − 1 and
λ represents the species labels. When N is even, λ takes
an integer value, when N is odd, λ takes a half-integer
value.32 In addition, The Z2 flux can combine with c
to form a flux-charge composite particle. In total, after
gauging, there are N(N +7)/2 quasi-particles (Table IV,
VII). To fully understand the fusion and braiding statis-
tics for these anyons, below we will study the edge CFT
before and after orbifolding the Z2 duality symmetry.
1. Characters for the D(ZN ) quantum double model
The edge CFT can be described by Eq. (2.24) with two
bosonic fields φ1 and φ2 and K = Nσx. Following the
general method discussed in Sec. II F, the K-matrix can
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be diagonalized as K = UT ηU , where U =
√
N
2
(
1 1
1 −1
)
and η =
(
1 0
0 −1
)
. After diagonalizing the K-matrix,
there are two new bosonic fields, ϕ1 and ϕ2, with the zero
mode momentum p1 =
√
1
2N (Ns+ a+Nt+ b) and p
2 =√
1
2N (Ns + a − Nt − b), where ~ΛT = (s, t) ∈ Z2, 0 ≤
a < N and 0 ≤ b < N . The characters for the D(ZN )
quantum double model are labeled by a and b,
Xa,b(τ) =
1
|η(τ)|2
∑
s,t
q
1
4N (Ns+a+Nt+b)
2
q¯
1
4N (Ns+a−Nt−b)2 .
(4.2)
There are N2 characters in total. Under T and S trans-
formations, these characters are transformed as
Xa,b(τ + 1) = e
2pii abN Xa,b(τ),
Xa,b(−1/τ) = 1
N
∑
a′,b′
Xa′,b′e
−2pii a′b+b′aN . (4.3)
2. Orbifolding Z2 symmetry when N is even
In the language of the 2+1-dimensional Chern-Simons
field theory, the Z2 duality symmetry is represented by
the Pauli matrix σx. The K-matrix is invariant under
the duality symmetry as K = σTx Kσx. Thus the duality
symmetry is an anyonic symmetry and leaves S and T
matrices invariant. Correspondingly, in terms of the edge
CFT, the bosonic fields are transformed under the two-
fold symmetry as φ1 ↔ φ2. In the ~ϕ basis, the transfor-
mation law reads ϕ1 → ϕ1 and ϕ2 → −ϕ2. This means
that, when orbifolding Z2 symmetry, we need to consider
the twisted boundary condition for ϕ2 field both in time
and spatial directions.
For the untwisted boundary condition, the partition
function is the same as the D(ZN ) model. As for the
twist boundary condition in time direction,
ϕ2(x, t+ 2pi) = −ϕ2(x, t), (4.4)
it is equivalent to insert the Z2 symmetry operator σ in
the partition function to remove all the states which are
not invariant under σ. Focusing on the zero-mode part,
this operator will remove all the zero momentum modes
which are not invariant under the σ symmetry operator.
Only the states which satisfy σ|K~Λ +~λ〉 = |K~Λ +~λ〉 will
remain, which requires that s = t and a = b and restricts
the summation in Eq.(4.2). The original zero mode par-
tition function therefore becomes Θ2r,2N (τ) which is the
zero mode part for the chiral U(1)N CFT, Eq. (2.37). As
for the oscillator part in the mode expansion of ϕ2, un-
der Z2 symmetry operator, ϕ2 → −ϕ2, this contributes a
term
√
η(τ¯)/θ2(τ¯), which is the partition function for the
chiral free boson with Z2 twist in the time direction.40
Combined with the oscillator part from ϕ1, the total par-
tition function with twist in time direction therefore is
given by
Z0, 12r = 1
η(τ)
Θ2r,2N (τ)
√
η(τ¯)
θ2(τ¯)
(4.5)
where 1/η(τ) is coming from the oscillator of ϕ1 field and
we have 0 ≤ r < N .
As for the twist boundary condition in space direction,
ϕ2(x+ 2pi, t) = −ϕ2(x, t), (4.6)
By simply performing modular S transformation on
Θ2r,2N (τ) of Z0,
1
2
r in Eq.(4.5), we can obtain the zero
mode partition function Θl,2N (τ) + Θl+N,2N(τ). An al-
ternative way to get this result is by calculating zero
mode partition function for only ϕ1 field with periodic
boundary condition. In addition, the oscillator part for
the ϕ2 field will give rise to
√
η(τ¯)/θ4(τ¯) and the total
partition function is given by
Z 12 ,0l =
1
η(τ)
[Θl,2N (τ) + Θl+N,2N (τ)]
√
η(τ¯)
θ4(τ¯)
, (4.7)
where 0 ≤ l < N .
Finally, as for the boundary condition twisted in both
time and space directions, the partition function can be
obtained by applying T transformation on Z 12 ,0l . The
resulting partition function is given by
Z 12 , 12l =
1
η(τ)
[
Θl,2N (τ) + (−1)N2 +lΘl+N,2N (τ)
]√ η(τ¯)
θ3(τ¯)
(4.8)
with 0 ≤ l < N . The θ2,3,4 functions used in the above
partition functions is actually a special case of θαβ (τ) func-
tion defined in Eq.(3.19), and are related as
θ2 = θ
1/2
0 , θ4 = θ
0
1/2, θ3 = θ
0
0. (4.9)
We now use these partition functions to construct the
characters for the orbifold CFT. There are three types
of characters to discuss. First, after gauging Z2 duality
symmetry, the Z2 invariant abelian excitations still re-
main. They can fuse with the bosonic Z2 gauge charge c
to form 2N abelian excitations. The corresponding char-
acters in the edge CFT are
χr+ = Xr,r + Z0,
1
2
r ,
χr− = Xr,r −Z0,
1
2
r , (4.10)
where 0 ≤ r < N . ψr− can be understood as ψr+ at-
tached with a Z2 charge and satisfies ψr− = ψr+ × c.
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χ dχ hχ N
χ+r 1
r2
N
N
χ−r 1
r2
N
N
χa,b 2
ab
N
N(N−1)
2
χσl
√
N − 1
16
+ l
2
4N
N
χτl
√
N − 9
16
+ l
2
4N
N
TABLE IV. The quantum dimensions dχ, conformal dimen-
sions hχ (mod Z), and the number of deconfined fluxes,
charges and super-sectors from orbifolding the Z2 symmetry
of the D(ZN ) quantum double model when N is even.
Next, non-Z2-invariant abelian excitations will com-
bine together to form the Z2 invariant superselection sec-
tor. There are N(N−1)2 of them and the corresponding
characters are
χa,b = Xa,b +Xb,a, (4.11)
where 0 ≤ a < b < N and the conformal weight for χa,b
is h = ab/N .
The third type of the characters are associated with
the twist fields. Although the Z2 gauge boson is abelian,
the Z2 flux σ is non-abelian excitation. The bare Z2
flux σ0 can be attached to an abelian excitation, i.e.,
σ0×ψl = σl. We call the subscript l are the species label
of σ. σl can fuse with c to form the flux-charge composite
particle τl = σl × c. The unpaired σl or τl in the bulk
topological phase will leave the Z2 twist on the boundary
and the characters for the 2N twist fields are
χσl =
1√
2
[
Z 12 ,0l + Z
1
2 ,
1
2
l
]
,
χτl =
1√
2
[
Z 12 ,0l −Z
1
2 ,
1
2
l
]
, (4.12)
where 0 ≤ l < N .
These characters with their properties are listed in Ta-
ble IV.
The S for matrix for the characters shown in Table IV takes this form:
S = 1
2N

ω2rr
′
ω2rr
′
2ωra
′+rb′
√
Nωrl
′ √
Nωrl
′
ω2rr
′
ω2rr
′
2ωra
′+rb′ −√Nωrl′ −√Nωrl′
2ωr
′a+r′b 2ωr
′a+r′b 2[ωab
′+ba′ + ωaa
′+bb′ ] 0 0√
Nωlr
′ −√Nωlr′ 0
√
N
2 ω
ll′
2 [1 + (−1)N2 +l+l′ ] −
√
N
2 ω
ll′
2 [1 + (−1)N2 +l+l′ ]
√
Nωlr
′ −√Nωlr′ 0 −
√
N
2 ω
ll′
2 [1 + (−1)N2 +l+l′ ]
√
N
2 ω
ll′
2 [1 + (−1)N2 +l+l′ ]

(4.13)
where ω = e−
2pii
N .
Let us now have a close look at the simplest case with
N = 2. When N = 2, the D(Z2) quantum double model
is the toric code model. After orbifolding the Z2 sym-
metry on the edge CFT, it is straightforward to check
that the T and S matrices are the same as that for non-
chiral Ising × Ising CFT. Thus the topological phase af-
ter gauging Z2 symmetry has quasiparticle excitations
{1, ψ, σ} × {1, ψ, σ}, where ψ is the fermion and σ is the
non-abelian Ising anyon. They satisfy the following fu-
sion algebra
ψ × ψ = 1, ψ × σ = σ, σ × σ = 1 + ψ. (4.14)
The correspondence between D(Z2)/Z2 orbifold CFT
and Ising × Ising CFT is shown in Table V. ψψ plays
the role of the Z2 charge and σ is the Z2 flux.
It is also possible to consider the reverse process of
gauging – (anyon) condensation. In the Ising × Ising
topological phase, after condensing Z2 boson ψψ, ψ =
ψ × ψψ and ψ are identified. Since the Z2 fluxes have
−1 braiding phase with ψψ (This can be seen from the
S matrix), they are confined. The superselection sector
will split into two sectors, which are e- and m-particles
in the toric code model.
χ+0 χ
+
1 χ
−
0 χ
−
1 χ0,1 χ
σ
0 χ
σ
1 χ
τ
0 χ
τ
1
1 ψ ψψ ψ σσ σ σ σψ ψσ
TABLE V. The first row lists the characters for the D(Z2)/Z2
orbifold CFT, while the second row lists the corresponding
primary fields in the Ising × Ising CFT. For Ising CFT,
the three characters are: χ1 = (
√
θ3/η +
√
θ4/η)/2, χψ =
(
√
θ3/η −
√
θ4/η)/2 and χσ =
√
θ2/η/
√
2.
When N ≥ 4, we can obtain more general ZN
parafermionic twist liquid described by the S and T ma-
trices shown previously. The fusion algebra can be cal-
culated by using the Verlinde formula.19 The details are
not shown here.
Before we move on, we would like to summarize the
method we used so far to construct Z2 orbifold CFT: (1)
we first compute the partition function Z 12 ,0 with twist in
the time direction with the zero mode part is restricted to
the Z2 symmetric mode. We use these partition functions
and the Z2 symmetric characters in the parent abelian
topological phase to construct the characters for abelian
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Type (1) excitation in the bulk discussed in Sec. II C. (2)
we group Z2 non-symmetric characters to superselection
sectors which correspond to non-abelian Type (2) exci-
tations in the twist liquids. (3) By performing modular
S transformation for Z 12 ,0, we can get Z0, 12 with twist
in the spatial direction. Further applying T transfor-
mation upon it will lead to Z 12 , 12 . Combining Z0, 12 and
Z 12 , 12 properly, we will obtain the characters for the twist
fields, which correspond to type (3) excitations.
3. Modify the orbifold CFT by a SPT
If we stack a Z2 SPT phase discussed in Sec. III A
on top of the D(ZN ) quantum double model to form a
composite system, this SPT phase will not change the
quasiparticle properties of D(ZN ) model. However, as
shown in the Ref. 19, 24, and 27, this SPT phase will
change some twist defect F -symbols for the composite
system. After gauging the Z2 symmetry, the twist liquid
can therefore have different S, T matrices and different
fusion rules. The number of these topological phases is
characterized by cohomology classes H3(Z2, U(1)) = Z2,
which also classifies Z2 SPT phases. In this section, we
will try to understand this phenomenon from the point
of view of the edge CFT.
For the D(ZN ) quantum double model with a Z2 SPT
phase stacked on top of it, the total K-matrix is
K =

0 1 0 0
1 0 0 0
0 0 0 N
0 0 N 0
 . (4.15)
The edge CFT is described by a four-component boson
field with the above K-matrix. There are four characters
for the edge CFT and the S and T matrices are the same
as that for the D(ZN ) edge CFT.
The Z2 symmetry acts on the first two bosonic fields
as a pi shift, sending φ1 → φ1 + pi and φ2 → φ2 + pi.
The Z2 orbifold CFT for these two bosonic fields has
been discussed in Sec. III A. For φ3 and φ4, Z2 symmetry
exchanges these two bosonic fields and the orbifold CFT
is in the previous section. After orbifolding Z2 symmetry
for this composite system, the new CFT has the same
number of characters. We directly list the character in
Table VI (when N is even) and will give an explanation
later.
In Sec. III A, we showed that for the Z2 SPT phase, af-
ter gauging Z2 symmetry, the new topological phase has
four quasiparticles 1, e,m, em, where e is the bosonic Z2
charge and m is the semionic Z2 flux. For the D(ZN )/Z2
topological phase, there is also a bosonic Z2 charge c and
Z2 flux σ. If we put the SPT phase on top of the D(ZN )
quantum double model, after gauging the Z2 symmetry,
the new Z2 charge c′ = e × c and flux σ′ = σ × m are
the bound states of the original Z2 charges and fluxes.
We show the complete table of characters in Table VI.
χ dχ hχ N
χ+r = Z
0,0Xr + Z
0,1Z0
1
2
r 1
r2
N
N
χ−r = Z
0,0Xr − Z0,1Z0
1
2
r 1
r2
N
N
χa,b = Z
0,0(Xa,b +Xb,a) 2
ab
N
N(N−1)
2
χσl =
1√
2
(Z1,0Z
1
2
,0
l + Z
1,1Z
1
2
, 1
2
l )
√
N − 5
16
+ l
2
4N
N
χτl =
1√
2
(Z1,0Z
1
2
,0
l − Z1,1Z
1
2
, 1
2
l )
√
N − 13
16
+ l
2
4N
N
TABLE VI. The quantum dimensions dχ, conformal dimen-
sions hχ (mod Z) and the number of deconfined fluxes, charges
and super-sectors from orbifolding the Z2 symmetry of edge
CFT of the (SPT +D(ZN ))/Z2 quantum double model with
even N .
The conformal dimensions of the twist fields are shifted
by −1/4 which actually is the conformal dimension for
the Z2 flux m.
To obtain the S matrix for the (SPT + D(ZN ))/Z2
CFT, we only need to replace all the [1 + (−1)N2 +l+l′ ]
in Table 4.13 to [1 − (−1)N2 +l+l′ ], which is also the pi
monodromy phase between a pair of semions. This sign
difference comes from the phase factor acquired by Zk,l
in the S transformation
Zk,l(−1/τ) = (−1)klZl,k(τ), (4.16)
where l, k = 0, 1. The fusion rule for this S matrix is the
same that for Table 4.13.
4. Orbifolding Z2 symmetry when N is odd
When N is odd, the calculation is similar to the even N
case. However, in this case, the bare twist field already
carries 1/2 species label. We directly write down the
characters without too much explanation.
The characters for twist fields are given by
16
χσl =
1√
2η(τ)
(Θn,8N + Θn+2N,8N + Θn+4N,8N + Θn+6N,8N )
√
η
θ4
+
1√
2η(τ)
(
Θn,8N + e
−2piiN+n4 Θn+2N,8N − Θn+4N,8N − e2pii
N+n
4 Θn+6N,8N
)√ η
θ3
,
χτl =
1√
2η(τ)
(Θn,8N + Θn+2N,8N + Θn+4N,8N + Θn+6N,8N )
√
η
θ4
− 1√
2η(τ)
(
Θn,8N + e
−2piiN+n4 Θn+2N,8N − Θn+4N,8N − e2pii
N+n
4 Θn+6N,8N
)√ η
θ3
, (4.17)
χ dχ hχ N
χ+r 1
r2
N
N
χ−r 1
r2
N
N
χa,b 2
ab
N
N(N−1)
2
χσl
√
N − 1
16
+
(l+ 1
2
)2
4N
N
χτl
√
N − 9
16
+
(l+ 1
2
)2
4N
N
TABLE VII. The quantum dimensions dχ, conformal dimen-
sion hχ and the number of deconfined fluxes, charges and
super-sectors from orbifolding the Z2 symmetry of the edge
of D(ZN ) quantum double model with odd N .
where 0 ≤ l < N and n = 2l + 1.
The original Z2 invariant characters before gauging will
split into two sectors, which differ by the Z2 charge, as
χ±r = Z0,0r,r ±
1
η(τ)
[Θ4r,8N (τ)−Θ4r+4N,8N ]
√
η(τ¯)
θ2(τ¯)
,
(4.18)
where 0 ≤ r < N .
The original characters which are not invariant under
Z2 symmetry will form the superselection sectors:
χa,b = Za,b + Zb,a (4.19)
where 0 ≤ a < b < N .
The characters with their properties are listed in Table
VII.
The S matrix for the corresponding characters listed in Table VII takes this form:
S = 1
2N

ω2rr
′
ω2rr
′
2ωra
′+rb′
√
Nω
rn′
2
√
Nω
rn′
2
ω2rr
′
ω2rr
′
2ωra
′+rb′ −√Nω rn′2 −√Nω rn′2
2ωr
′a+r′b 2ωr
′a+r′b 2[ωab
′+ba′ + ωaa
′+bb′ ] 0 0√
Nω
nr′
2 −√Nω ar′2 0
√
N
2 ω
nn′
8 [1 + (i)−(N+n+n
′)] −
√
N
2 ω
nn′
8 [1 + (i)−(N+n+n
′)]
√
Nω
nr′
2 −√Nω nr′2 0 −
√
N
2 ω
nn′
8 [1 + (i)−(N+n+n
′)]
√
N
2 ω
nn′
8 [1 + (i)−(N+n+n
′)]

(4.20)
where ω = e−
2pii
N .
Let us now discuss the cases of N = 1 and N = 3
in detail. When N = 1, before orbifolding, there is no
topological order in the 2 + 1-dimensional bulk phase.
The orbifold edge CFT has four primary fields and the
S and T matrices are the same as that for the toric code
model. Notice that the Z2 symmetry we are considering
here is different from that discussed in Eq.(3.1). Accord-
ing to our discussion in Sec. III A, the bulk phase before
gauging is a trivial SPT phase.
When N = 3, the D(Z3)/Z2 orbifold CFT has 15 pri-
mary fields. Before gauging, the parent D(Z3) quantum
double model is equivalent to non-chiral SU(3)1×SU(3)1
topological phase through a SL(2,Z) similarity transfor-
mation. Their correspondence is shown in Table VIII.
The SU(3)1 topological phase is described by the Cartan
K-matrix in Eq. (4.21) and will be explained in the next
section. The Z2 duality symmetry in D(Z3) topologi-
cal phase is equivalent to Z2 bilayer/charge conjugation
symmetry defined in the chiral sector of SU(3)1×SU(3)1
topological phase. Since SU(3)1/Z2 = SU(2)4 CFT (dis-
cussed in the next section), the edge CFT of D(Z3) quan-
tum double model after orbifolding Z2 symmetry is the
same as SU(2)4 × SU(3)1 CFT.
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ab 00 01 02 10 11 12 20 21 22
λλ¯ 00¯ 11¯ 22¯ 12¯ 20¯ 01¯ 21¯ 02¯ 10¯
TABLE VIII. The first row lists the quasiparticle excitations
for the D(Z3) quantum double model, which are labeled by
the two-component vector (a, b) with 0 ≤ a, b < N . The
second row lists the corresponding quasiparticle excitations
for the SU(3)1×SU(3)1 topological phase. The chiral SU(3)1
topological phase has three excitations (defined in the next
section) and are labeled by λ = 0, 1, 2. The excitations in the
anti-chiral SU(3)1 phase are labeled by λ¯ = 0¯, 1¯, 2¯.
B. Orbifolding Z2 symmetry in SU(3)1 CFT
The SU(3)1 topological phase is a bosonic bilayer
quantum Hall state with the K-matrix
K =
(
2 −1
−1 2
)
. (4.21)
This is an abelian topological phase with three quasi-
particle excitation ψ0 = (0, 0), ψ1 = (0, 1) and ψ2 =
(1, 0). The fusion rules for these three abelian anyons
are ψ1×ψ1 = ψ2, ψ1×ψ2 = ψ0. The edge theory for this
topological phase is described the chiral SU(3)1 CFT.
This CFT is equivalent to the chiral Luttinger liquid with
the K-matrix defined in Eq. (4.21) and the corresponding
three characters are Z0,0, Z0,1 and Z1,0,
Zψi =
(
1
η
)2∑
~Λ
q
1
2 (K
~Λ+ψi)
TK−1(K~Λ+ψi) (4.22)
where ~Λ are three two-component integer-valued vectors
and i = 0, 1, 2.
This model has an effective Z2 bilayer symmetry which
is represented by the matrix M1 = σx and exchanges ψ1
and ψ2. This model also has charge conjugation symme-
try and is described by M2 = −I, which exchanges the
anyon class ψ1 and ψ2 and thus is equivalent to the Z2
bilayer symmetry. After gauging M1 or M2 symmetry,
the twist liquid will have five different anyon excitations.
The original SU(3)1 vacuum sector splits into two sectors
differed by a Z2 charge c. The Z2 non-invariant sectors
ψ1 and ψ2 will combine together to form the superselec-
tion sector ψ ≡ [ψ1 + ψ2]. The Z2 flux σ does not have
species labels and attaching a Z2 charge to it will form a
composite flux-charge particle τ .
Gauging M1 and M2 symmetries will lead to the same
twist liquid. However, on the edge CFT, this corresponds
to two different orbifolding procedures. We will show
later that after gauging, they have the same S and T
matrices. Here we will orbifold Z2 bilayer symmetry for
SU(3)1 CFT first.
character χ dχ hχ
χI = Z0,0 +
1
η
(Θ0,8 −Θ4,8)
√
η
θ2
1 0
χc = Z0,0 − 1η (Θ0,8 −Θ4,8)
√
η
θ2
1 0
χψ = Z1,0 + Z0,1 2 1/3
χσ =
1√
2
1
η
(Θ1,8 + Θ3,8 + Θ5,8 + Θ7,8)
√
η
θ4
+ 1√
2
1
η
(Θ1,8 −Θ3,8 −Θ5,8 + Θ7,8)
√
η
θ3
√
3 1/8
χτ =
1√
2
1
η
(Θ1,8 + Θ3,8 + Θ5,8 + Θ7,8)
√
η
θ4
− 1√
2
1
η
(Θ1,8 −Θ3,8 −Θ5,8 + Θ7,8)
√
η
θ3
√
3 5/8
TABLE IX. The quantum dimensions dχ and spin statistics
θχ = e
2piihχ of deconfined fluxes, charges and super-sectors
from orbifolding the Z2 bilayer symmetry of SU(3)1.
character χ dχ hχ
χI = Z0,0 +
η
θ2
1 0
χc = Z0,0 − ηθ2 1 0
χψ = Z1,0 + Z0,1 2 1/3
χσ =
η
θ4
+ η
θ3
√
3 1/8
χτ =
η
θ4
− η
θ3
√
3 5/8
TABLE X. The quantum dimensions dχ and spin statis-
tics θχ = e
2piihχ of deconfined fluxes, charges and super-
sectors from orbifolding the Z2 charge conjugation symmetry
of SU(3)1.
1. Orbifolding Z2 bilayer symmetry
Under the Z2 bilayer symmetry operator M1, φ1 ↔ φ2.
In the ~ϕ basis, ϕ1 → ϕ1 and ϕ2 → −ϕ2. Thus we need to
consider the twist boundary condition for ϕ2 field in both
time and spatial directions. The calculation is similar to
that for D(ZN )/Z2 CFT in the previous section. We
directly list the characters of SU(3)1/M1 in the Table
IX.
The S matrix for the characters is
S = 1
2
√
3

1 1 2
√
3
√
3
1 1 2 −√3 −√3
2 2 −2 0 0√
3 −√3 0 √3 −√3√
3 −√3 0 −√3 √3
 . (4.23)
2. Orbifolding Z2 charge conjugation symmetry
Under the charge conjugation symmetry operator M2,
φ1 → −φ1 and φ2 → −φ2. This means that in the ~ϕ ba-
sis, ϕi → −ϕi (i = 1, 2). It is straightforward to calculate
the partition function with this twist boundary condition
and we list all the characters in Table X.
It is interesting to notice that SU(3)1/Z2 CFT has
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the same S and T matrices as the SU(2)4 CFT. SU(2)4
chiral CFT has five primary fields labeled by j =
0,1/2,1,3/2,2 with conformal dimensions
hj =
j(j + 1)
6
= 0,
1
8
,
1
3
,
5
8
, 1 (4.24)
and the S-matrix
Sj1,j2 =
1√
3
sin
[
pi(2j1 + 1)(2j2 + 1)
6
]
(4.25)
The primary field 0 serves as the vacuum, 2 is the
boson Z2 charge c in SU(3)1/Z2 CFT, 1 corresponds to
the superselection sector ψ, and 1/2, 3/2 are identified
as the twist fields σ and τ . The primary fields satisfy the
fusion algebra
2× 2 = 0, 2× 1 = 1, 2× 1
2
=
3
2
1
2
× 1
2
= 0 + 1,
1
2
× 1 = 1
2
+
3
2
1× 1 = 0 + 1 + 2 (4.26)
C. Edge CFT of SO(8)1 state
The SO(8)1 bosonic Abelian topological phase is de-
scribed by a Chern-Simons theory with
K =

2 −1 −1 −1
−1 2 0 0
−1 0 2 0
−1 0 0 2
 . (4.27)
The K-matrix is identical to the Cartan matrix of the
Lie algebra so(8) and as a result, the edge CFT carries a
chiral SO(8) Kac-Moody structure at level 1. The bulk
topological theory has four quasi-particle excitation ψλ0 ,
ψλ1 , ψλ2 and ψλ3 where
~λT0 = (0, 0, 0, 0),
~λT1 = (0, 1, 0, 0),
~λT2 = (0, 0, 1, 0) and
~λT3 = (0, 0, 0, 1). ψλ0 is vacuum and
ψλi (i = 1, 2, 3) are all fermions with mutual semionic
statistics (DSij = −1 (i, j = 1, 2, 3)). The fermions obey
ψ2i = 1, ψ1 × ψ2 × ψ3 = 1 (4.28)
This model has a triality anyonic symmetry S3, which
is generated by a threefold rotation ρ and a twofold re-
flection σ1.
19,23,24 ρ cyclicly rotates ψi → ψi+1 and σ1
exchanges ψ2 and ψ3 while fixes ψ1. The other two re-
flection operators are defined as
σ2 = σ1ρ, σ3 = σ1ρ
2 (4.29)
They fix ψ2 and ψ3 respectively while interchange the
other two fermions. The edge CFT is described by chiral
Luttinger liquid with the K-matrix defined in Eq. (4.27).
This CFT has central charge c = 4 and has four charac-
ters corresponding to four different quasi-particle sectors
in the bulk
χλi =
(
1
η
)4∑
~Λ
q
1
2 (K
~Λ+ ~λi)
TK−1(K~Λ+ ~λi) (4.30)
where ~Λ are the four component integer-valued vectors.
1. Orbifolding Z3 symmetry
After orbifolding the Z3 symmetry, the Z3 invariant
vacuum state ψλ0 will split into three vacuums I, z3, z3
and they are differed by the Z3 gauge charge. ψλi with
i = 1, 2, 3 are not invariant under Z3 rotation and will
form the superselection sector [ψλ1 + ψλ2 + ψλ3 ]. The
Z3 gauge flux ρ0 does not have species labels for it (the
quotient ASO(8)1/(1−Λ3)ASO(8)1 is trivial). ρ0 can fuse
with the Z3 charge to get ρ1 = ρ0 × z3 and ρ2 = ρ0 × z3.
Similarly, the anti-particles of Z3 flux are ρ0, ρ1 and ρ2.
Having a physical picture in mind, we now explicitly
calculate the characters for the orbifold CFT.
The threefold rotation symmetry operator ρ is defined
as
ρ =

1 0 0 0
0 0 1 0
0 0 0 1
0 1 0 0
 (4.31)
which satisfies ρKρT = K. For the four-component
bosonic field ~Φ living on the boundary, under ρ, φ1 →
φ1, φ2 → φ3, φ3 → φ4, φ4 → φ2. We can simultaneously
diagonalize K and ρ by defining new bosonic field ~ϕ, so
that under the threefold rotation, ϕ2 → ω−1ϕ2, ϕ3 →
ωϕ3, ϕ4 → ϕ4, where ω = e2pii/3. Thus in the language
of partition function, ρ will generate Z3 twist for ϕ2 and
ϕ3 in both the spatial and time directions.
Here we will first consider the partition function with
twist boundary condition in the time direction. After
orbifolding the Z3 symmetry, only the state invariant un-
der ρ will survive, i.e., ρ|K~Λ + ~λ〉 = |K~Λ + ~λ〉. This
requires that ~ΛT = (n,m,m,m) and ~λ = ~λ0. The parti-
tion function with twist boundary condition in the time
direction is
Z0,ν =
(
1
η
)2∑
~Λρ
q
1
2
~ΛTρ Kρ
~Λρ
η(τ)
θ
1
2
β (τ)
e2pii
1
2β
= B0Z
0,ν (4.32)
where ν = 0, 13 ,
2
3 and θ
1
2
β (τ) is defined in Eq. (3.19) with
β = 12 + ν,
~ΛTρ = (m,n) and
Kρ =
(
2 −3
−3 6
)
(4.33)
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is the K-matrix when projected to the two-dimensional
Z3 symmetric lattice Λ = (n,m,m,m). The three char-
acters for this K-matrix are B0, B1 and B2. Under the T
transformation,
B0(τ + 1) = B0(τ),
B1(τ + 1) = ωB1(τ),
B2(τ + 1) = ωB2(τ), (4.34)
where ω = e2pii/3. Under the S transformation,
B0(−1/τ) = 1√
3
(B0 +B1 +B2),
B1(−1/τ) = 1√
3
(B0 + ωB1 + ω
2B2),
B2(−1/τ) = 1√
3
(B0 + ω
2B1 + ωB2). (4.35)
The partition function with twist boundary condition
in the space direction is obtained by S transformation
from the Z0,ν
Zµ,0 = 1√
3
(B0 +B1 +B2)
η(τ)
θα1
2
(τ)
e2piiα
1
2
=
1√
3
(B0 +B1 +B2)Z
µ,0 (4.36)
where µ = 0, 13 ,
2
3 and α =
1
2 − µ.
Similarly, the partition functions for the other twisted
sectors Zµ,ν can also be calculated:
Z 23 , 13 = 1√
3
(B0 + ωB1 + ωB2)Z
2
3 ,
1
3 ,
Z 23 , 23 = 1√
3
(B0 + ω
2B1 + ω
2B2)Z
2
3 ,
2
3 ,
Z 13 , 13 = 1√
3
(B0 + ω
2B1 + ω
2B2)Z
1
3 ,
1
3 ,
Z 13 , 23 = 2√
3
(B0 + ωB1 + ωB2)Z
1
3 ,
2
3 ,
where Zµ,ν = η(τ)θαβ (τ)
e2piiαβ . θαβ (τ) is defined in Eq. (3.19)
and their modular transformation properties are listed in
Eq. (3.20), which are quite useful in the calculation of the
S and T matrices for the characters.
From the partition function obtained for different sec-
tors, we can construct the characters of SO(8)1/Z3 CFT.
The results are listed in the Table. XI.
The S matrix for the corresponding characters (in the Table. XI) in Z3 orbifold theory is
S = 1D

1 1 1 3 2 2 2 2 2 2
1 1 1 3 2ω2 2ω2 2ω2 2ω 2ω 2ω
1 1 1 3 2ω 2ω 2ω 2ω2 2ω2 2ω2
3 3 3 −3 0 0 0 0 0 0
2 2ω2 2ω 0 2e−
13
18 2pii 2ω2e−
13
18 2pii 2ωe−
13
18 2pii 2e
13
18 2pii 2ωe
13
18 2pii 2ω2e
13
18 2pii
2 2ω2 2ω 0 2ω2e−
13
18 2pii 2ωe−
13
18 2pii 2e−
13
18 2pii 2ωe
13
18 2pii 2ω2e
13
18 2pii 2e
13
18 2pii
2 2ω2 2ω 0 2ωe−
13
18 2pii 2e−
13
18 2pii 2ω2e−
13
18 2pii 2ω2e
13
18 2pii 2e
13
18 2pii 2ωe
13
18 2pii
2 2ω 2ω2 0 2e
13
18 2pii 2ωe
13
18 2pii 2ω2e
13
18 2pii 2e−
13
18 2pii 2ω2e−
13
18 2pii 2ωe−
13
18 2pii
2 2ω 2ω2 0 2ωe
13
18 2pii 2ω2e
13
18 2pii 2e
13
18 2pii 2ω2e−
13
18 2pii 2ωe−
13
18 2pii 2e−
13
18 2pii
2 2ω 2ω2 0 2ω2e
13
18 2pii 2e
13
18 2pii 2ωe
13
18 2pii 2ωe−
13
18 2pii 2e−
13
18 2pii 2ω2e−
13
18 2pii

(4.37)
where D = 6.
The fusion algebra can be obtained by using the Verlinde
formula in Eq.(2.20):
z3 × z3 = z3, z3 × z3 = 1,
ρn × z3 = ρn+1, ρn × z3 = ρn−1,
z3 × ψ = z3 × ψ = ψ,
ρn × ρn = ρn−1 + ρn,
ψ × ρn = ρ0 + ρ1 + ρ2,
ψ × ψ = 1 + z3 + z3 + 2ψ, (4.38)
where n = 0, 1, 2.
The SO(8)1/Z3 orbifold CFT is very similar to SU(3)3
CFT.19,24,64 The chiral SU(3)3 CFT has ten primary
fields and they are labelled by the dimensions of the trun-
cated irreducible representation of su(3). Their confor-
mal dimensions and quantum dimensions are listed in
Table XII. We can stack a Z3 SPT phase discussed in
Sec. III B on top of SO(8)1 topological phase and gauge
Z3 symmetry for the composite system. Since the coho-
mology class for Z3 group is H3(Z3, U(1)) = Z3, we can
obtain three different S and T matrices.19,24
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character χ dχ hχ
χI = χλ0 + e
2pii
12 Z0, 13 + e− 2pii12 Z0, 23 1 0
χz3 = χλ0 + ω
−1e
2pii
12 Z0, 13 + ωe− 2pii12 Z0, 23 1 0
χz3 = χλ0 + ωe
2pii
12 Z0, 13 + ω−1e− 2pii12 Z0, 23 2 0
χψ = χλ1 + χλ2 + χλ3 3 1/2
χρ0 = Z
2
3
,0 + Z 23 , 13 + Z 23 , 23 2 1/9
χρ1 = Z
2
3
,0 + ω−1Z 23 , 13 + ωZ 23 , 23 2 4/9
χρ2 = Z
2
3
,0 + ωZ 23 , 13 + ω−1Z 23 , 23 2 7/9
χρ0 = Z
1
3
,0 + Z 13 , 13 + Z 13 , 23 2 1/9
χρ1 = Z
1
3
,0 + ω−1Z 13 , 13 + ωZ 13 , 23 2 4/9
χρ2 = Z
1
3
,0 + ωZ 13 , 13 + ω−1Z 13 , 23 2 7/9
TABLE XI. The quantum dimensions dχ and spin statistics
θχ = e
2piihχ of deconfined fluxes, charges and super-sectors
from orbifolding the Z3 symmetry of so(8)1.
SU(3)3 1 3 3 6 6 8 10 10 15 15
SO(8)1/Z3 00¯ 11¯ 22¯ 12¯ 20¯ 01¯ 21¯ 02¯ 10¯ 1
hχ 0
2
9
2
9
5
9
5
9
1
2
1 1 8
9
8
9
dχ 1 2 2 2 2 3 1 1 2 2
TABLE XII. The first line is the quasiparticle excitation for
SU(3)3 topological phase. The second line is the correspond-
ing quasiparticle excitation for SO(8)1/Z3 topological phase.
The third and fourth lines are conformal dimensions hχ and
quantum dimensions dχ for them.
2. Orbifolding Z2 symmetry
The reflection symmetry operator σ1 is defined as
σ1 =

1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0
 (4.39)
Under this symmetry, ψλ1 is invariant while ψλ2 and ψλ3
are exchanged. This means that after gauging the reflec-
tion symmetry σ1, Z2 flux will have species labels and
are denoted as Σ0 and Σ1. The Z2 flux can be attached
by the Z2 charge to form the composite particle. ψλ2
and ψλ3 will group together to form the super-selection
sector ψ. The Z2 invariant anyon ψλ0 and ψλ1 will both
split into two characters, I, z2 and λ1 and z2λ1. They
are differed by a Z2 gauge charge z2.
For the boundary CFT, the calculation is analogous
to the previous several examples on Z2 orbifold CFT.
Here we will first consider the partitoin function with
twist boundary condition in the time direction. Under
the σ1 operator, only the state σ1|K~Λ + ~λ〉 = |K~Λ +
~λ〉 will remain. This requires ~ΛT = (n1, n2, n3, n3) and
~λ = ~λ0, ~λ1. The partition function with twist boundary
character χ dχ hχ
χI = χλ0 + C0
√
η
θ2
1 0
χz2 = χλ0 − C0
√
η
θ2
1 0
χλ1 = χλ1 + C1
√
η
θ2
1 1/2
χz2λ1 = χλ1 − C1
√
η
θ2
1 1/2
χψ = χλ2 + χλ3 2 1/2
χΣ0 =
1√
2
(C0 + C1)
√
η
θ4
+ 1√
2
(C0 − C1)
√
η
θ3
√
2 1/16
χz2Σ0 =
1√
2
(C0 + C1)
√
η
θ4
− 1√
2
(C0 − C1)
√
η
θ3
√
2 9/16
χΣ1 =
1√
2
(C2 + C3)
√
η
θ4
+ 1√
2
(C2 + C3)
√
η
θ3
√
2 7/16
χz2Σ1 =
1√
2
(C2 + C3)
√
η
θ4
− 1√
2
(C2 + C3)
√
η
θ3
√
2 15/16
TABLE XIII. The quantum dimensions dχ and spin statistics
θχ = e
2piihχ of deconfined fluxes, charges and super-sectors
from orbifolding the Z2 symmetry of SO(8)1.
condition in the time direction equals to
Z0, 12 =
(
1
η
)2∑
~Λ
q
1
2 (
~ΛT+~λTj )K(
~Λ+~λi)
√
η
θ2
= Cj
√
η
θ2
(4.40)
Cj is the characters for the chiral CFT with the K-matrix
Kz2 =
 2 −1 −2−1 2 0
−2 0 4
 (4.41)
after projecting to the three-dimensional Z2 symmet-
ric lattice Λ = (n1, n2, n3, n3). This K-matrix has
four quasi-particles cT0 = (0, 0, 0), c
T
1 = (0, 1, 0), c
T
2 =
(0, 0, 1), cT3 = (0, 1, 1). For Z0
1
2 , j can only take 0 or 1.
The four characters have conformal weight hc0 = 1, hc1 =
−1, hc2 = e2pii
3
8 , hc3 = e
2pii 38 . The S-matrix for this Kz2
matrix is
S = 1
2

1 1 1 1
1 1 −1 −1
1 −1 i −i
1 −1 −i i
 . (4.42)
All the other sectors Zµν (µ, ν = 0, 12 ) can be obtained by
performing a series of S and T transformation on Z0, 12 .
The characters for SO(8)1/Z2 CFT are listed in the
Table. IV C 2:
The S matrix for this model is
S = 1
4

1 1 1 1 2
√
2
√
2
√
2
√
2
1 1 1 1 2 −√2 −√2 −√2 −√2
1 1 1 1 −2 √2 √2 −√2 −√2
1 1 1 1 −2 −√2 −√2 √2 √2
2 2 −2 −2 0 0 0 0 0√
2 −√2 √2 −√2 0 0 0 2 −2√
2 −√2 √2 −√2 0 0 0 −2 2√
2 −√2 −√2 √2 0 2 −2 0 0√
2 −√2 −√2 √2 0 −2 2 0 0

(4.43)
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This theory has identical topological content as SO(1)1×
SO(7)1, where SO(1)1 stands for the usual chiral Ising
theory with hσ = 1/16.
24 Following the same method we
used in Sec. IV A 3, we can further stack a Z2 SPT phase
on top of SO(8)1 and then gauge Z2 symmetry for the
composite system. The orbifold CFT on the boundary is
equivalent to SO(3)1×SO(5)1 CFT. Since chiral SO(n)1
CFT has central charge c = n/2, the total central charge
for SO(n)1×SO(8−n)1 CFT is 4 and is the same as the
central charge for SO(8)1 CFT before gauging.
3. Orbifolding S3 symmetry of SO(8)1 CFT
At last, we will orbifold the full S3 symmetry for
SO(8)1 state. As we discussed before, the SO(8)1/Z3
orbifold CFT is a SU(3)3-like CFT. It has ten charac-
ters including three Z3 charges 1, z3 and z3, six three-
fold fluxes ρn and ρn and a superselection sector. Since
S3 = Z2 n Z3, after orbifolding Z3 symmetry in SO(8)1
CFT, there is still a remaining Z2 symmetry, which
switches z3 and z3 as well as ρn and ρn. Orbifolding
the full S3 symmetry of SO(8)1 is therefore equivalent to
orbifolding the Z2 conjugation symmetry of the SU(3)3-
like state.19,24
After orbifolding Z2 symmetry, the non-self-conjugate
characters will combine together and group into super-
selection sectors, which include threefold charge [z3 + z3]
and fluxes [ρ0 + ρ0]. The composite flux-charge parti-
cle [ρi + ρi] (i = 1, 2) are differed from [ρ0 + ρ0] by Z3
charges. The vacuum will again split into two sectors
which are differed by a Z2 charge. Their characters can
be calculated by applying projection operator defined in
Eq.(2.23) on the vacuum character of SU(8)1/Z3. The
original superselection sector [ψ1+ψ2+ψ3] will also carry
Z2 charge and their characters can also be obtained by
applying Z2 projection operator on it. Finally, we can
calculate the characters for the Z2 twist fields. They have
species labels and carry Z2 charge. Actually, their ex-
plicit form is the same the characters for the SO(8)1/Z2
orbifold CFT but with different quantum dimensions.
The Tables. XIV is the characters for the orbifolding
S3 symmetry of SO(8)1 theory
The S matrix is given by
S = 1D

1 1 2 4 4 4 3 3 3
√
2 3
√
2 3
√
2 3
√
2
1 1 2 4 4 4 3 3 −3√2 −3√2 −3√2 −3√2
2 2 4 −4 −4 −4 6 6 0 0 0 0
4 4 −4 −8 cos 4pi9 −8 cos 8pi9 −8 cos 16pi9 0 0 0 0 0 0
4 4 −4 −8 cos 8pi9 −8 cos 16pi9 −8 cos 4pi9 0 0 0 0 0 0
4 4 −4 −8 cos 16pi9 −8 cos 4pi9 −8 cos 8pi9 0 0 0 0 0 0
3 3 6 0 0 0 −3 −3 −3√2 −3√2 3√2 3√2
3 3 6 0 0 0 −3 −3 3√2 3√2 −3√2 −3√2
3
√
2 −3√2 0 0 0 0 −3√2 3√2 0 0 6 −6
3
√
2 −3√2 0 0 0 0 −3√2 3√2 0 0 −6 6
3
√
2 −3√2 0 0 0 0 3√2 −3√2 6 −6 0 0
3
√
2 −3√2 0 0 0 0 3√2 −3√2 −6 6 0 0

(4.44)
where the total quantum dimension is D = 12, and the entries are arranged to have the same anyon order in table XIV.
The fusion algebras for this twist liquid are
z2 × z2 = 1, z2 × [z3 + z3] = [z3 + z3]
[z3 + z3]× [z3 + z3] = 1 + z2 + [z3 + z3]
z2 × [ρn + ρn] = [ρn + ρn]
z2 × ψ = z2ψ, [z3 + z3]× ψ = ψ + z2ψ
z2 × Σλ = z2Σλ [z3 + z3]× Σλ = Σλ + z2Σλ
Σλ × Σλ = 1 + [z3 + z3] + ψ +
2∑
n=0
[ρn + ρn]
[ρn + ρn]× Σλ = Σ0 + z2Σ0 + Σ1 + z2Σ1 (4.45)
where n = 0, 1, 2 and λ = 0, 1.
This S matrix can be modified if we stack SPT phase
on top of SO(8)1 topological phase and gauge S3 symme-
try for the composite system. In total, we can obtain six
different S matrices, which can be labelled by cohomol-
ogy classes H3(S3, U(1)) = Z3 × Z2.24 These six twist
liquids also have different T matrices and fusion rules.
The calculation is similar to that in Sec. IV A 3 and will
be omitted here.
V. DISCUSSION AND CONCLUSION
Topological phases are commonly equipped with some
global discrete anyonic symmetry G. For instance, all
topological phase carry a conjugation symmetry a ↔ a
that swaps between anti-partners. Abelian discrete gauge
theoies carry electric-magnetic symmetry. Fractional
quantum Hall states can be bilayer or multi-layer sym-
metric. Some topological phases even carry non-abelian
global symmetries. After gauging an anyonic symmetry
G in a parent phase, a new topological phase emerges,
and is called a “twist liquid”. The gauge charge, gauge
flux, and the anyon in the parent topological phase will
manifest in a non-trivial way as quantum quasi-particle
excitations in the twist liquid. In our paper, instead of
directly studying the bulk (2 + 1)d topological proper-
22
character χ dχ hχ
χI = χλ0 + e
2pii
12 Z0, 13 + e− 2pii12 Z0, 23 + C0
√
η
θ2
1 0
χz2 = χλ0 + e
2pii
12 Z0, 13 + e− 2pii12 Z0, 23 − C0
√
η
θ2
1 0
χz3+z3 = 2χλ0 − e
2pii
12 Z0, 13 − e− 2pii12 Z0, 23 2 0
χρ0+ρ0 = χρ0 + χρ0 4 1/9
χρ1+ρ1 = χρ1 + χρ1 4 4/9
χρ2+ρ2 = χρ2 + χρ2 4 7/9
χψ = χλ1 + χλ2 + χλ3 − C1
√
η
θ2
3 1/2
χz2ψ = χλ1 + χλ2 + χλ3 + C1
√
η
θ2
3 1/2
χΣ0 =
1√
2
(C0 + C1)
√
η
θ4
+ 1√
2
(C0 − C1)
√
η
θ3
3
√
2 1/16
χz2Σ0 =
1√
2
(C0 + C1)
√
η
θ4
− 1√
2
(C0 − C1)
√
η
θ3
3
√
2 9/16
χΣ1 =
1√
2
(C2 + C3)
√
η
θ4
+ 1√
2
(C2 + C3)
√
η
θ3
3
√
2 7/16
χz2Σ1 =
1√
2
(C2 + C3)
√
η
θ4
− 1√
2
(C2 + C3)
√
η
θ3
3
√
2 15/16
TABLE XIV. The quantum dimensions dχ and spin statistics
θχ = e
2piihχ of deconfined fluxes, charges and super-sectors
from gauging the S3 symmetry of so(8)1.
ties for these quasi-particles, we use bulk-boundary cor-
respondence to study the edge (1 + 1)d CFT after orb-
ifolding symmetry G. By constructing the characters for
the orbifold CFT, we can calculate the modular S and
T matrices for the CFT, which are equivalent to that
for the bulk topological phase and are essential to under-
stand the bulk topological order.
Gauging symmetry in the bulk corresponds to orbifold-
ing symmetry on the boundary. In this paper, we first
investigate SPT phases protected by discrete symmetries
and construct the characters of the orbifold CFTs on
the boundary after gauging the symmetries. We use this
method to study the gauged topological phases and iden-
tify the non-trivial SPT phases by analyzing the modular
transformation for the orbifold partition functions. We
further extend this method to long-range entangled topo-
logical phases and explicitly construct the characters of
the orbifold CFTs after gauging anyonic symmetry in the
bulk, and study the new topological phases after gaug-
ing anyonic symmetries. In particular, we demonstrate
in the D(ZN ) quantum double model, the chiral SU(3)1
phase and the chiral SO(8)1 topological phases. These
three examples are globally symmetric parent phases that
carry abelian topological orders. On the other hand, we
can also start with a non-abelian parent phase and gauge
its anyonic symmetry. For instance, the critical 4-state
Potts model is described by SU(2)1/Dih2 = U(1)4/Z2
CFT, where Dih2 is the dihedral group embedded in
SU(2) that contains pi-rotations about the x-, y- and z-
axes.24,40,42,65,66 The non-abelian topological phase with
chiral 4-state Potts CFT as the boundary has the any-
onic symmetry group S3 = Z2 n Z3. Similar to what
we did for the SO(8)1 CFT, taking the Z2, Z3 and S3
orbifolds of SU(2)1/Dih2 leads to a series of topological
twist liquids.
Z3 Z2
Z2
S3 = Z2  Z3
(2)1/ T
(2)1/O
(2)1/Dih4
(2)1/Dih2SU
SU
SU
SU
(5.1)
where T is the tetrahedron group and O is the octahedron
group. The details for these twist liquids and orbifold
CFTs were discussed in Ref. 24, 42, 65, and 66.
Finally, in this paper, we focus on the orbifold CFTs
for bosonic topological phases in 2+1 dimensions. This
set the stage for investigation of twist liquids in higher di-
mensions as well as an extension to fermionic systems.67
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